Lecture Notes in 
Mathematics 



Edited by A DoW and B. Eckmann 



583 



M. W. Hirsch 
C.C.Pugh 
M. Shub 



Invariant Manifolds 



Springer-Verlag 

Berlin • Heidelberg : New York 




Authors 

Morris W. Hirsch 
Charles C. Pugh 
Department of Mathematics, 
University of California 
Berkeley, CA 94720/USA 

Michael Shub 

Department of Mathematics, 
Queens College 
City University of New York 
Flushing, NY 11367/USA 



Library of Congress Cataloging in Publication Data 

Hirsch, Morris W 1933- 
Invari&nt manifolds . 

(Lecture notes in mathematics ; 583) 
Bibliography: p. 

Includes index. .4.-1 c „>, 

1 Riem&nnian manifolds. 2. Invariants. 3- SUD- 
manifolds, h. Foliations (Mathematics ) I. Pu«h, 
Charles C 19^- 5o±nt author. II. Shut, Michael, 
1942- Joint author. III. Title. IV. Series: Lecture 
notes in mathematics (Berlin) ; 583. 
Q&3.L28 no. 583 t(*6U9] 510'. 8s [51V.7J 77-5^ 



AMS Subject Classifications (1970): 34C30, 34C40, 34C35, 58F10, 
58F15, 57D30, 57D50, 57E20 



ISBN 3-540-08148-8 Springer-Verlag Berlin • Heidelberg - New York 
ISBN 0-387-08148-8 Springer-Verlag New York • Heidelberg • Berlin 

This work is subject to copyright. All rights are reserved, whether the whole 
or part of the material is concerned, specifically those of translation, re- 
printing, re-use of illustrations, broadcasting, reproduction by photocopying 
machine or similar means, and storage in data banks. 

Under § 54 of the German Copyright Law where copies are made for other 
than private use, a fee is payable to the publisher, the amount of the fee to be 
determined by agreement with the publisher. 

© by Springer-Verlag Berlin • Heidelberg 1977 

Printed in Germany 

Printing and binding: Beltz Offsetdmck, Hemsbach/Bergstr. 2141/3140-543210 



Table of Contents 



§1 . Introduction . ' 2 

§2. The Linear Theory of Normal Hyperbol icity 7 

§3. The C r Section Theorem and Lipschitz Jets 27 

§4. The Local Theory of Normally Hyperbolic 

Invariant Compact Manifolds ^2 

§5. Pseudo Hyperbol icity and Plaque Families 

§5A. Center Manifolds qj 

§6. Noncompactness and Uniformity 70 

§6A. Forced Smoothness of i: V + M Ill 

§6B. Branched Laminations 113 

§7. Normally Hyperbolic Foliations and Laminations 117 

§7A. Local Product Structure and Local Stability 135 

§8. Equivariant Fibrations and Nonwandering Sets ........ 139 

Bib! iography 1 48 



INVARIANT MANIFOLDS 
M. Hirsch 1 , C. Pugh 2 , M. Snub 



§1. Introduction . Let V be a smooth compact submanifold of a smooth Riemann 
manifold M. Let f be a diffeomorphism of M leaving V invariant 

f(V) - V . 

We say that f is normally hyperbolic at V iff the tangent bundle of M, 
restricted to V, splits into three continuous subbundles 

TyM = N U e TV B N S 

invariant by the tangent of f, Tf, such that 

(a) Tf expands N u more sharply than TV 

(b) Tf contracts N s more sharply than TV. 

This says that the normal (to V) behavior of Tf is hyperbolic and dominates the 
tangent behavior. 

A more powerful hypothesis is 

(a 1 ) Tf expands N u more sharply than Tf r expands TV 
(b') Tf contracts N s more sharply than Tf r contracts TV. 

Here r is a nonnegative integer. This condition is r-normal hyperbolicity of f 

at V. Precise formulations will be given later in §1. 

Now we state the 

(1.1) FUNDAMENTAL THEOREM OF NORMALLY HYPERBOLIC INVARIANT MANIFOLDS. Let f 
be r-normally hyperbolic at V. Through V pass stable and unstable manifolds 
invariant by f and tangent at V to TV N S ^ N U © TV. They are of class C r . 
The stable manifold is invariantly fibered by C r submanifolds tangent at V to the 
subspaces N S . Similarly, for the unstable manifold and N U . These structures are 
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unique, and permanent under small perturbations of f . Similar results hold for 
flows. 

See §2 and Theorem 4.1 for more details and the proof. 

The converse of the persistence part of the theorem has recently been proved 
by R. Mane" in his thesis at IMPA [32]. Mang also analyzes the definition of normal 
Shyperbolicity going beyond the Birkoff center. See our (2.17). A. Gottlieb in his 
thesis at Brandeis University has also investigated necessary conditions for the 
persistence of invariant manifolds [15], 

(1.1) has been proved many times. Where V = one point, it is the stable 
manifold theorem [22]. For the general compact V, Sacker proved it in [47]; his 
methods involve partial differential equations. Previous work was done by 
J. Hadamard [16], 0. Perron [37,38,39], N. Bogoliubov and Y. Mitropolsky [8,9], 
J. Hale [17,18], S. Diliberto [13], and W. Kyner [30]. In [14] Neil Fenichel has 
independently proved many of the results of §§2,3,4 of this paper; his methods are 
similar to ours. 

Anosov remarks in [3, p. 23]: 

"Every five years or so, if not more often, someone 'discovers' 
the theorem of Hadamard and Perron, proving it by Hadamard' s 
method of proof or by Perron's." 

In this paper we push Hadamard 's idea, which we call the graph transform [22]. How- 
ever, even in the case V = a point, our proof of smoothness of the stable manifold 
is new; see [40]. 

One of our objectives is to allow more general submanifolds V in (1.1). A 
case of interest is where V is replaced by a foliation F of M and f is 
normally hyperbolic to each leaf of F. There are stable and unstable manifolds of 
leaves and persistence under perturbation of f. An example of such an F is the 
orbit foliation for an Anosov flow f is the time-one map of the flow. 

Anosov [3] showed that if the Anosov flow is slightly perturbed then the new 
foliation is isomorphic to the original one by a homeomorphism of M; this is his 
celebrated structural stability theorem. Instead of perturbing the flow, one may 
perturb just the time-one map. The new diffeomorphism f is not generally a 
time-one map. Nevertheless it turns out that there is a new foliation F' near F 
invariant under f. We show that this is true quite generally, except that F' is 



not quite a foliation. It has C r leaves but their tangent planes might vary only 
continuously. This kind of "lamination" is unavoidable, as Anosov showed [3, §24]; 
it can occur, for example, in the stable manifolds of orbits of even an analytic 
Anosov flow. 

A further generalization of (1.1) allows V to be merely a leaf of a foliation 
or a union of leaves. An example is the nonwandering set of an Axiom A flow [48], 
f being the time-one map of the flow. We are led to consider rather general 
immersed submanifolds i: V ■+ M, the main restriction being that the tangent bundle 1 
of V is pulled back via i from a subbundle of TM over the closure of i(V). 
This lets compactness of M be exploited without requiring compactness of V. 

More general still is the concept of a pseudo-hyperbolic subset A for a map 
f. Instead of the tangent bundle of a submanifold, one has a Tf-invariant sub- 
bundle E 1 of T^M which has a Tf-invariant complement E 2 that Tf contracts 
(or expands) more sharply than . This notion is useful for developing the strong 
stable and unstable manifolds of a normally hyperbolic submanifold or lamination, anc 
also for studying center manifolds. 



Now we define several kinds of normal hyperbolicity. Let V be a smooth (= C* 

compact submanifold of a smooth manifold M. Suppose f : M -»■ M is a C 1 diffeo- 

morphism and f(V) = V. Let TyM, the tangent bundle of M over V, have a 
Tf-invariant splitting 

TyM = N u e TV © N S . 

For any p £ M put 

Tf|T p V = Vp f Tf\H U p = U U p f Tf |Np = N*f . 

Thus, T f = N"f © V f €> N s f. 
P P P P 

Definition i. f is immediately relatively r-normally hyperbolic at V iff 
f is C r and there exists a Riemann structure on TM such that for all p € V, 
< k < r: 

(a) m(Njjf) > IIV p fll k 

and 

(b) UNjJffl < m(V p f) k . 

Recall that the minimum norm m(A) of a linear transformation A is defined 

as 

m(A) = inf {|Ax|: |x| = 1} . 

When A is invertible, m(A) = HA" 1 II" 1 . 

Definition 2. f is immediately absolutely r-normally hyperbolic at V iff 
f is C r and there is a Riemann structure on TM such that for all p e V, 
< k < r: 

(a) inf m(N"f ) > sup II V f|| k 

p P p P 
and H H 

(b) sup |N;|f 1 < inf m(V f) k . 

p P p P 



Definition 3. f is eventually relatively r-normally hyperbolic at V iff f 

lis C r and for all p e V, n > 0, < k < r: 

m(NV) 
(a) _-E- T >x n /C 



and 



IV f n l 



(b) E _< Cy n 



m(V p f n ) 

for some constants 0<]i<l<X<», < C < », and some Finsler on TM. 



Definition 4. f is eventually absolutely r-normally hyperbolic at V iff f 
is C r and for all P € )(» n > 0, < k < r: 

(a) inf m(NV) > 4- sup flV f n « k 

p P L p P 

and 

(b) BN*f n || < Cu n inf m(V f) k 

P p P 

for some constants 0<u<l<X<°°, < C < °°, and some Finsler on TM. 



The reason for these names is this: "r-normally hyperbolic" means that the 
behavior of f normal to V dominates the behavior of f tangent to V for 
< k < r; "relative" means this dominance is required at each point of V, while 
"absolute" is the stronger requirement that the normal behavior at every point of V 
dominates the tangent behavior at every point. "Eventual", as contrasted to "imme- 
diate", means that the dominance is required of all iterates f n for n exceeding 

some n . 
o 

Remark 1. Immediate absolute r-normal hyperbcl icity (Definition 2) is the 
strongest property. In our original exposition of invariant manifolds [23] we used 
it, but most of our proofs were valid with Definitions 1 or 3. 

Remark 2. If f is normally hyperbolic at V (in any of the three senses) so 
is f" 1 , because N u for f" 1 is N s for f, and N s for f' 1 is N u for f. 

Remark 3, Immediate relative r-normal hyperbol icity (Definition 2) implies 
eventual relative r-normal hyperbol icity (Definition 3). Eventual relative 
r-normal hyperbol icity is independent of the Finsler on TM: if (a), (b) in Defini- 
tion 3 hold for a particular Finsler, they hold for any Finsler, perhaps with dif- 
ferent constants. This is because V is compact. 



Question. Does Definition 3 =* Definition 1? When dim V - 1 or f|V is an 
isometry the answer is yes. The proof is not hard. 

Remark 4. Immediate Absolute Eventual Absolute is proved in (2,2). 

CONVENTION. Without modifiers to the contrary "r-normally hyperbolic" means 
"immediately, relatively r-normally hyperbolic," and "normally hyperbolic" means 
"1-nonnally hyperbolic." 

(1.2) PROPOSITION. If f is eventually normally hyperbolic at V then the 
splitting of TyM is uniquely determined by f. 

Proof. Let N u © TV © N s = T y M = N u © TV © N s be Tf-invariant splittings 
exhibiting the normal hyperbol icity of f at V for Riemann structures R, R. 
If y = x + v + y e and xGnJ, v£T p V, y e N* 5 x + v?0, then 

V^Ir = i N p fn (x) + V p f n (v) + N^f n (y)|^ . 

Using continuity of N u , TV, N s , comparability of R and and 

11m flNVVuVv f n ) = 0, y<y<l, W e see that |T n f n (y)U cannot tend to zero 
n-*» ^ r P K 

fast enough. Thus, R* c and by symmetry fit c R* so N s = R s . Working with 
_1 PP pppp J 

f , the same is proved for the unstable planes. This proves (1.2). 



§2. The Linear Theory of Normal Hyperbol icity . Let V be a compact C 
submanifold of a smooth manifold M and let f be a C 1 diffeomorphism of M 
leaving V invariant. The definitions of normal hyperbol icity have several irri- 
tating features: it is required to know beforehand a Tf-invariant splitting of 
TyM; a particular Riemann structure on TM must be found for definitions 1, 2; the 
whole sequence of iterates Tf n must be considered in definition 3. 

The third problem is treated by 

(2.1) PROPOSITION, f is eventually relatively r-normally hyperbolic at V 
iff all high powers f n 3 n _> some W 3 are immediately relatively r-normally 
hyperbolic at V. 

Remark. Let us re-emphasize that we are unable to decide whether N - 1 in 
general . 



Proof of (2.1) , Let f be immediately relatively r-normally hyperbolic at 
V. Then 

m(N"f) INjJfl 

inf > X > 1 > y > sup E — j- 

p^V IV f| K p£V m(V f) K 

i k i r » for some A » P* Clearly we can let C = 1 in Definition 3 and f is 
eventually relatively r-normally hyperbolic at V. 

Assume eventual relative r-normal hyperbol icity. Since Cy 11 < 1 and 
A n /C > 1 for large n, it is clear that we get immediate relative r-normal 
hyperbolicity of f n , n large. This proves (2.1). 

Now let us consider the first problem -- a priori existence of an invariant 
splitting T y M = N u © TV © N s . Let 

Z b (T y M) = E b * {bounded sections V + TyM} 
and let f fa : l b + Z b be defined by 



f b (a) = Tf oaof" 1 o ei b . 



£ b is a Banachable space and is the automorphism of I b canonically induced 



by f. The closed subspace I b (TV) of sections having values in TV is f fa - 



-b h b 

invariant. Thus f. induces a map T. on the factor space fr = 1 /Z (TV). 



(2.2) PROPOSITION, f is immediately absolutely \ -normally hyperbolic at V 
iff the spectrum of f^|S b (TV) lies in an annulus 3 centered at 0^ disjoint from 
the spectrum of f^. For absolute normal hyperbolicity > "immediate" <*■ "eventual. " 

As no invariant normal bundle was necessary to define f^ and spectra are 
independent of norms, the definition of absolute normal hyperbolicity offered by 
(2.2) is canonical. The proof of (2.2) is based on some general facts about hyper- 
bolic Banach bundle automorphisms and will be given later in this section, after 
the proof of (2.10). 



It seems reasonable to seek a similar "spectral condition" equivalent to rela- 
tive normal hyperbolicity. Precisely, we want an operator canonically associated t( 
f which is hyperbolic iff f is eventually normally hyperbolic at V. So far we 
have been unable to find one. Thanks are due to Ethan Akin for pointing out how oui 
first attempt in this direction goes wrong. 



Still trying to "intrinsically" characterize eventual normal hyperbol icity, we 
look at the abstract normal bundle R of V in TM, 

R = T V M/TV 

and the natural Tf-action on N, 

R p f([w]) = [T p f(w)] [w] e R p . 

(2.3) PROPOSITION. Eventual relative normal hyperbolicity is independent of 
choice of Finsler and is equivalent to the conjunction of (a), (b); 

(a) Rf is a hyperbolic Banach bundle automorphism (see below) having 
invariant splitting R U © R S = R; 

and 

(b) For some Finslers on TV„ N and for some integer n > 0, Nf n dominates 
Tf n |TV = Vf n ; 

ni(R"f n ) nN*f n H 
i n f 1! > i > SU p — E _ 

pdV IV f n H p€=V m(Vf n ) 

r P 

Remark 1. This criterion does not assume V has a Tf-invariant normal bundle 
Besides, according to (2.5), below, (a) is equivalent to spec( (Rf ) fa ) OS 1 = where 
(Rf) b is the Rf-induced operator on the space £ b (N) of bounded sections V R. 
It is only condition (b) which fails to be spectral. 

The proof of (2.3) is given below, after that of (2.2). 

Remark. In (2.2,3) we care only about 1-normal hyperbol icity . Corresponding 
results for r > 2 are valid. See (6.3), for instance. 

Question. Is there an intrinsic way to detect immediate relative normal 
hyperbol icity? 

Now we come to the topic of normally hyperbolic flows. Suppose that {f*} is 
a C 1 flow on M leaving V invariant. The simplest definition of a flow being 
normally hyperbolic is that some individual map is normally hyperbolic at V. 

(2.4) THEOREM. If one is eventually normally hyperbolic at V then so 

are all the except - identity. The splitting is independent of t. Simi- 

larly for absolute normal hyperbolicity . 



Question. Is (2.4) true for immediate normal hyperbol icity? 

For developing the basic theory of normally hyperbolic flows (or noncompact 
group actions) this definition is best. However, when dealing with a flow, one has 
in mind the tangent vector field generating it, say X. 



X 

A p dt 



f*(p) 
t = 



We would like conditions on X that guarantee its flow is normally hyperbolic. 
Where V = one point, such conditions are: spec(DX) lies off the imaginary axis. 
If V is a general submanifold (even the circle) then the condition that DX have 
its normal (to V) eigenvalues off the imaginary axis is neither necessary nor 
sufficient for normal hyperbol icity of the X-flow [19], It thus remains an open, 
fuzzy question to formulate unintegrated conditions on X at V that guarantee 
normal hyperbol icity of the X-flow. 



After proving (2.2,3,4) we discuss the possible replacement of T y M by a 
smaller bundle T^M where verification of normal hyperbol icity might be easier. 

The next theorem contains the essence of (2.2,3). 

(2.5) THEOREM. A Banach bundle automorphism is hyperbolic iff it induces a 
hyperbolic automorphism on the Banach space of bounded (or continuous) sections. 

A Banach bundle E is a vector bundle whose fiber is a Banach space. Chart 
transfers are Banach space isomorphisms on fibers. We assume that some continuous 
norm, a Finsler, has been defined on the fibers. An automorphism of E is a fiber 
preserving homeomorphism linear on each fiber, such that IIF|E II, HF" 1 |E I are 

E — » E 



uniformly bounded. Here E is the fiber over x. We take the obvious definition 

A 

that F is hyperbolic iff it leaves invariant a continuous splitting E = E^ & E^, 
and, respecting some equivalent Finsler on E, Tf expands E^ and contracts E^. 
The induced automorphism on the space of sections of E is given by 



F b (a)(x) = Foao f"'( x ) 



To prove (2.5) we need two lemmas. 

(2.6) LEMMA. If H is a closed subspace of the Banaoh space E then either 
H = E or else E has vectors x nearly orthogonal to H: d(x,H)/|x| - 1. 

Proof. This is a restatement of the Hahn-Banach Extension Theorem [44]. 

(2.7) LEMMA. Let T,T' : E F be Banach space isomorphisms and let E be 
split in two ways E = E^ ® Eg* E = E^ © E£. Let ity. E + Ej be the projections* 
j = 1, 2, kernel tt-j = E 2> kernel tt 2 ~ ^-y Then 

[tt 1 (x) I RT 2 B + IT^e +IT-T'B 
x e E 2 ^ ] tt^ ( x ) I - m^) - IT£I - IIT-T'll 

£/ t/ze denominator is positive. Here T. = T | E and T' = T 1 | E ' , j = 1, 2. 

J J J J 

Proof. Let xeEJ. Then x = tf-jX + i^x so 

|T'x| = |T£x| < IT£l|x| < IT^KI^xl + | tt^x ] ) . 
Also, T'x = T(tt 1 x) + T(tt 2 x) + (T l -T)(x) so that 

|T'x| > md^l^xl - HT 2 ll|7T 2 x| - IIT-T'lKl^x] + |tt 2 x|) . 
Combining these two inequalities gives 

- IIT-T' II - IIT^ II 3 j tt-j x I < [IIT£ll + 1T 2 I + IIT-T'li]|7r 2 x| 

which proves (2.7). 

The inequality can be re-written as 

IITJI + IIT'll + IIT-T'll 
(2.7") hi^l mtV-IIT-ll- l lT-T' ll 'V 

when the denominator is positive. 



Proof of (2.5). Assume that F is hyperbolic. Then E = E^ © E 2 

E b = Z b (E 1 ) © £ b (E 2 ) 



and 



is obviously a splitting respecting which F fa is hyperbolic. 
Now assume F fa is hyperbolic with splitting 

Z b = S 1 © E 2 . 

The splitting is characterized by 

a e H 1 o |F~ n a| + as -n -+ -°° 
a e z 2 o | F^a | ■+ as n + « 

[44]. Let H.: I b Z. be the projections, j = 1, 2. 

For each x in the base space X» let the 6 operator 6 : S b ■+ I b be 
defined by 

6 x a is the section vanishing except at x, 
at x it has value a(x). 

The crucial fact to observe is 



6 ii. - n.6 . 

x J j x 

For any a e E b , S x a can be expressed uniquely as the sum of elements in Ej , 1^ 

6 x a = ^(6^) + n 2 (6 x a) 
according to the splitting. Another expression for 6 x a is 

V = 6 x (lI l a) + 6 x (n 2 c) 
since 6 is linear and o = HjO + n 2 a. But 6 (IL|0") e since 

l F b n(6 x n i c) i - \ ? b\ a \ as ~ n ~°° 



and similarly 6 x (n 2 a) e z 2 - By uniqueness, the summands in the two formulas for 

6 a are equal and the commutati vity of 6 and II. is proved, j = 1, 2. 
x x j 

This gives a splitting of E , E = E, © E 9 defined by 

X X IX tX 



where 1 : E E Is the canonical isometry onto the subspace of 6-sections based 
at x. Thus the projections are given by 



tt . : E ■+ E . 
jx x jx 

3 = 1,2. 

tt. = f 1 °n.° i 

JX X J X 

This yields the important fact that Htt. It is uniformly bounded, x e X. Clearly 
the splitting is F-invariant and F contracts Egi expands E^ . It remains to 
show that the splitting of E x depends continuously on X. 

For any pair of points x, x 1 e X that are sufficiently close together let 

e x'x : E x' * E x 

be an isomorphism, depending continuously on (x,x ( ), with e = I . This 6 is 

XX X 

called a "connector", serves as parallel translation, and was constructed in [24]. 
By continuity 6, " e x ' x " and m ( e x 'x' ^ as ( x '> x ) A = tne diagonal of XxX. 

Fix some x e X. By continuity of the splitting E.| © E^ x we mean that, for 
each x, 

WW' g^v) j = 1 ' 2 

where 9 lx , = E lx + E 2 x' ^x 1 : E 2x * E lx' and Il9 lx ,« + Il9 2x , » * as x' * x. 

We shall consider the maps f": E E f n , F*), : E , E-n , for appropriately 

XX TX X X I X 

large n. Here f : X ■+ X is the homeomorphism of the base covered by F. Using 
the transfer maps we can let 

T = E x 

T' = e o F n , o e , . 

f n x',f n x x x,x 

Both T and T 1 are isomorphisms E ■> E . When n is fixed and x 1 -+ x then 

x fx 

T 1 ■+ T because F is continuous. 



The space 'E is split in two ways 

E x = E lx @E 2x E x* E ix® E 2x 
E J*x = 6 x'x E jx' J = 1. 2 . 

We know that T carries E - onto E n and T' carries E'. onto E' 

jf x JX jf n x 

For simpler notation we suppress the x, x': E ] = E lx , tt ] = ff lx >... . We know thai 

Iff. I, | < M 

j j ~~~ 

for some bound M, if x' is near x, because the e's are nearly orthogonal. 
By (2.7') we can choose n so large and x' so near x that 

llff ] |E£lfHff£ll < 1 . 

This makes ff^E^) = E^ because i^Ej is closed and each x € E ] has 

dU.ff-jEp < |x - -tt^tt-Jx | = l^d-^Jxl = |ff-,ff^x| < |ff ] [E^il^ll |x| 

contradicting (2.6) unless ff-jE^ = E 1 . 

On the other hand consider S, S 1 : E E defined by 

f x 

* ■ F ; n 

The hypotheses on E-j , E 2 become reversed, as do those on E-j » E£. Hence by 
(2.7) 

|tt 2 x| iis^i + iis^if + ns-s'ii 

x e E l * J^x\ - m(S 2 ) - IIS^I - IIS-S'll 

so that for n large and x 1 near x, |ff 2 x l/l 7r i x l is small. Together with 
tt.|E^ = E^, this means that 

E^ is the graph of g^ E 1 ■+ E 2 , llg^l is small 

for x' near x. Hence E-j -+ E 1 as x' ■+ x, and so half the splitting depends 



continuously on x. Replacing F by F" reverses all r61es and shows the other 
half to be continuous also. 

Remark l. Allowing F^ to have non-zero kernel in Z 2 does not destroy the 
theorem. Its proof is similar except that separate estimates must be used to show 
E-j near and E£ near E^. 

Remark 2. If E is the restriction to X of a bundle £ defined over X 3 ) 
and if F: E ■+ E is a Banach bundle automorphism extending F then hyperbol icity 
of F implies hyperbol icity of F|E where E = £ | Closure(X). For the proof of 
(2.5) shows that the splitting over X is uniformly continuous and hence that it 
extends uniquely to a continuous splitting on the closure. 

Now we present a sharpening of the Spectral Radius Theorem [44]. It is due to 
Holmes [25]. 

(2,8) PROPOSITION. If A is an automorphism of a Banach space E and the 
spectrum of A is contained in the annulus 

{zet: t-j < |z| < t 2 > 

then E has a new norm | | + such that 

m*(A) > t 1 IIAH* < t 2 - 

Moreover 3 if E is a Rilbert space then the new norm \ \+ arises from an inner 
product. 

Proof. Let the original norm on E be | | and choose t^ < < t 2 < t 2 
such that spec(A) c {z e C: t-j < |z| <t 2 ). Put 

00 00 

|x|| = I (T^|A- k x|) 2 + I (x: k |A k x|) 2 . 
k=l 1 k=0 6 

Since the spectrum is compact, it lies off the boundaries of the annulus and the 
series converge by the Spectral Radius Theorem. Clearly 

|Ax|f - I(^|A- k+1 x|) 2 + I(T2 k |A k+1 x|) 2 
k=l 1 k=0 



- -rfC Z (^|A- k x|) 2 ) + t|(I (T- k |A k x|) 2 ) . 

k=0 c k=l 

Note that the zero-th term of first sum, t?|A"°x| is the missing zero-th term of 



the second sum, x^\k x[. Hence 

|Ax|| <. T||x]f |Ax|2 >tf|x|2 



since iy This proves the 1 



emma . 



Remark. A finite sum would also suffice to define | |*. Likewise, any norm 
near | |* serves as well. 

Question. To what extent is (2.8) true for an automorphism A of a Banach 
bundle? For instance, can 

IA I m(Aj 



< 1 +e „ r, , > 1 - e 



«A^ll 1/n - m(A^) 1/n - 

be forced for all large n by the right choice of Finsler? A p = A i E p > E p " fiber 
at p. Assume the base is compact. 

Using (2.8), we can draw the following conclusion from Theorem 2.5. 

(2.9) COROLLARY. If F: E E is a Banach bundle isomorphism and the speatru 
of F^ is contained in the disjoint open annuli A-j , . . . ,A m 

A. = {ze<C: t.>|z|>t i+1 } 

then E has a continuous F -invariant svlittinq E = E, © ■ • • © E . Vectors in E. 

r a 1 m i 

are characterized by 

lim =0 11m l F ~" X "L = 

n-*» tV n-*» tT" 

i i + i 

E-. © - ■ * © E is unique among all ¥ -invariant > a priori discontinuous splittings 

E = E-j © • * • © E^ with spec(F b |Z (E!)) C A. . Moreover, there is a Finsler on E 

such that m(F | E. ) > t. +1 and IF|E.| < t . . 

i X 1 ■ 1 ix 1 



Proof. Uniqueness follows at once from the asserted characterization. If 



*m = 1 then the same formulas as in (2.8) give the Finsler. 

Suppose m = 2. Then t«V: E + E is a Banach bundle isomorphism and 
-1-1 

(t 2 F) b = t 2 F b has spectrum off the unit circle. By the Spectral Decomposition 
Theorem [44] and (2.8) it is hyperbolic. Then (2.5) guarantees and characterizes 
the asserted splitting; (2.8) gives the Finsler. 

Suppose (2.9) is known for m - 1 >_2. Consolidate the last two annul i into 

A = {z € tt: t m _ 1 > j z | >t m >. The spectrum of F fa is contained in A-j » . . . »A m _ 2 ,A. 

By induction, F leaves invariant a continuous splitting £ = «®E 

r 1 m-2 

appropriately characterized. Restricting F to the bundle E over X we are 
again in the case of two annuli, A^j and A n . Hence E splits, the summands 
are appropriately characterized, and (2.9) is proved. 

Under restrictions and quotients, spectra behave as follows. 

(2.10) PROPOSITION. If T is an automorphism of a Banach apace E leaving 
invariant the closed non-zero subspace H then 

(a) Spec(T) c Spec(f) u Spec(T|H) 

(b) The annular hull of Spec(T|H) meets Spec(T), where f: E/H -*■ E/H is 
the quotient of T. 

Proof, (a) is well known [44]. (b) is easily verified, for if A = {z e C: 
*t_<_| z | <_t } is the smallest annulus centered at containing spec(T|H) and 
spec(T) ha = then E has a T-invariant splitting, E = E^ © Eg* corresponding 
to the parts of spec(T) beyond A and enclosed by A. Any non-zero vectors 

|T n e,| |r n eJ 

lim — = 00 lim — - » 

n -n 
n-*» t n-**> t 

while any h e H has these limits finite. If h could be expressed h = e^ + e 2 

then lim T~ n |T n h| = *» unless e, = and lim t n |T" n h| = unless e~ = 0. 

n 1 n 

Hence e^ * e 2 = and H = 0, proving (2.10). 

Question. Can spec(T|H) be disjoint from spec(T)? 

Answer, due to Ethan Akin, "no". Besides, spec(T | H) - spec(T) is either emptj 
or consists of components of C-spec(T). 



Remark. Were (a) an equality, our task of proving the continuity of the 



'splitting in (2.5) could have been simplified by passing to the closed F^-invarianl 
subspace of continuous sections 2 C (E). 

Now we are ready to prove (2.2), (2.3), the main theorems of §2. 

Proof of (2.2). Recall that f was a C 1 diffeomorphism of M leaving the 
submanifold V invariant. We had defined f fa : I b (TyM) by 

f b a = Tf o a o f" 1 . 

This left E b (TV) invariant and we formed the quotient f^: E -+ Z for 
Z - S b (T v M)/Z b (TV). 

By hypothesis and (2.10), the spectrum of f b is contained in three disjoint 
annul i 

A u u A u A s . 



By (2.9), TyM has a corresponding splitting: $ E 2 © E^. It remains to check 
that E 2 - TV. 

The inclusion E 2 D ^ holds because in (2.9) E 2 ^ s characterized as those 
vectors in TyM which have 

lim T" n |(T y f n )v| - lim t n |(T f" n )v| = 
n * n x 

where A = {z e C: t< | z| <t} 3 spec(f b | E b (TV) ) and does not meet spec(? b ). 

Let E 2 = E 2 /TV. Thus E 2 c TyM/TV. But E b (E 2 ) is a closed ^-invariant 
subspace of 2 and (since the internal and external spectral radius of Tf|E 2 
lie in A) 

spec(f b |Z b (E 2 )) C A 

while spec(f b ) c A u UA S , contradicting (2.10b). Hence E 2 = and E 2 = TV. 

If f is eventually absolutely normally hyperbolic at V then, from the Spec- 
tral Radius Theorem, spec(f.) lies in annul i, centered at 0, disjoint from 

h 

spec(f b |l (TV)). Thus, by the first part of (2.2), f is immediately absolutely 
normally hyperbolic at V. The converse is clear. 



Proof of (2.3). Let IN I I* De Finslers on T y M. They are equivalent 



-1 

since V is compact: K | |* < | | <_ K| |*. If conditions (a), (b) in the defini 

tion of eventual relative normal hyperbol icity are fulfilled for the Finsler | |, 

then, with respect to | |*» the ratios in question are affected by at most a con- 

2 

stant multiple, K , which we can absorb into the constant C, showing that (a), 
(b) hold for | |* also. 

Assume f is eventually relatively normally hyperbolic at V. Clearly the 
hyperbolic splitting N u © TV © N s = TyM induces an Rf-invariant splitting 

— —M — C - 

N = N © N when we divide TyM out by TV, and clearly Nf is hyperbolic 
respecting N u © N s . 

Assume conditions (a), (b) of (2.3). In particular, Finslers on TV, N are 

S\ .A. 

specified. Choose any continuous normal bundle N of V in M, TV © N = TyM. 
Pull the Finsler and splitting back from N to N via 



TyM — ► TyM/TV = N = 



N u © N s 



Put a Finsler on TyM making TV °-*TyM and N 



respecting N u © TV © N s as 



TyM isometries 



Express Tf 



V 



N£f 

P P *J 

N f, 



P G V 



The zero entries are consequences of Tf-invariance of TV, N u © TV, and TV © N s 



Let Tf act naturally on the bundle L whose fiber at p is 



by 



i U p - L(iJ,T V) 



i U f: P ^(C p +(V p f)oP)o(N^f)- 1 . 



Thus If is a "linear graph transform 1 



graph(i. u f(P)) = Tf(graph(P)) . 



Clearly L u f n = (L u f) n . By condition (b), we see that 



+ f n |w + 
V U* ► v 

is a uniform fiber contraction, and as such has a unique continuous invariant sec- 
tion P u : V t u [22 or (3.1) of this paper]. Its graphs 

Np = graph P u (p) C nJJ© T y 
provide a Tf-invariant bundle N u , N u © TV = N u © TV. 

Arguing with f" n , we produce a Tf-invariant bundle N s , TV © N s = TV © N s 
Define a new Finsler | |* on TyM making the isomorphisms N u ■+ N u , N s ■+ N s 
isometries, and having | | = | |* on TV. Respecting | |*, it is clear that 
is eventually relatively normally hyperbolic at V. 

On the way to proving (2.4) we can use the technique of (2.3) to get some 
abstract perturbation results. 

(2.11) THEOREM. Let E be a Banaah bundle over the compact base X. Let 
F: E ■+ E be an automorphism of E leaving invariant the continuous splitting 
E = E.j © Eg. Assume 

m(F lx ) > |F 2x ll x 6 X 

where F^ x = F | . If F is a Banach bundle automorphism near F then E has 

^-invariant continuous splitting E = E-j © Eg near E^ © Eg. Besides E. is the 

only F '-invariant subbundle of E near E., j = 1, 2. 

J 

Proof. Write 



respecting E^ © E^ . 

Let L be the bundle over X whose fiber at x is L(E lx ,E 2x ). The natural 
action of F on L is 

L x 3P ^( C x + K X P '°( A x + B x P J" l6L Rx 

where h" is the base map covered by F. This makes graph(L F(P)) = F(graph{P)). 




Since F is near F, we see that 



m(A x ) = m(F lx ) lB^H * 

|C x" * 'V * BF 2x B • 

Let LF be the map induced on sections of the form X -+ L(l) = {P e L: iPH£l}. As 
observed in [22], IF is a well defined contraction and has fixed point near 0. 
This produces an F-invariant continuous subbundle E-j near by setting 
Ej x = graph(P x ) where x p^ i s the LF-fixed point. It also proves uniqueness 
of E.| near E^ . 

Dealing with F" 1 and E" 1 we produce Eg. For m(F lx ) > IF 2 I implies 
"(F^.) > IF^.L x' = h(x). 

(2.12) COROLLARY. Let E, F, F be as above but let E - E-j © • • • © E k be an 
F-invariant continuous splitting such that 

m(F jx' > BF J+lx B 1 - J - k_1 X G X * 

Then there is an F-invariant continuous splitting E = E-j © • • • © E^ near 

E.j © • • • © E^. Besides Ej is the only F-invariant subbundle of E near Ey 

1 < j < k. 

Proof. (2.11) is the case k = 2. Let k be > 3 and assume (2.12) known for 
k-1. Amalgamate E^ and E k to form G. Put the "max" Finsler on 
E: |y ] + *•• +y k l = max(|y 1 | s ...,|y k |), y^ e E.. By (2.12: k-1) there is a splittim 

E.j © ■* - © E k _2 © S for F, and are the un ^ ue F-invariant subbun- 

dles of E near E.j , . . . ,E k _g. Amalgamating E-j and Eg as H = E^ © Eg produces 
unique F-invariant subbundles R, E 3 »...,E k near H, E 3 >...,E k . Thus, except when 
k = 3, induction proves (2.12). 

When k = 3, we have unique F-invariant subbundles E-j , E^» 6, H. We claim 
that 5 n R = E 2 is an F-invariant subbundle near Eg. Clearly 5 n R is F- 
invariant. Since 6 and H are subspaces of E near G and H they inter- 

XX XXX 

sect in a subspace near G n H = E« . It depends continuously on x. This is a 

A A £ A 

sort of linear transversal ity lemma which is proved as (2.13) below. Otherwise, the 
proof of (2.12) is complete. 

(2.13) LEMMA. If E = E^ © Eg © E 3 is a split Banach space with the "max" 
norm and if P G L(E.j © Eg, E 3 ), ||Pll < 1, Q e L(Eg© E^, E^, IEQII < 1 then there t 
a unique R G L(Eg, E-j©E 3 ) such that 



graph(R) = graph(P) h graph(Q) 



Furthermore (P»Q) *— *■ R is smooth. 

Proof. The R we seek can be written as R = + Rg where R^ : Eg E-j , 
Ry E^ -*■ Ey The equation to be solved is 

R - «MI 2 +R 3 ), P^R^Ig)) = 

where l^- E 2 Eg is the identity. By the Implicit Function Theorem there is a 
unique solution to this equation for small HPII, IIQH and it depends nicely on P» 
Q. In fact it is easy to check that the best bounds for solvability are 
IPil, IQI < 1. 

The techniques of (2.11) imply at once the following fact which we have used 
elsewhere. 

(2.14) PROPOSITION. The hyperbolic automorphisms of a Banach bundle E form 
an open subset of the topological space of all bundle automorphisms of E. The bun- 
dlesplitting varies continuously. 

Remark. If F: E + E is hyperbolic and F': E E is near F then the natu- 
rally induced maps on the space of bounded sections of E, F^, F^: E^(E)_*>, are not 
nearby in the space of operators on Z^(E). Thus, it is not immediate that spec(F£] 
should be near spec(F^). A proof of (2,14) by general spectral theory might be 
interesting to have. 

As a consequence of (2.12) we get 

(2.15) THEOREM. If f is normally hyperbolic at V„ f is c"' near f, am 
f(V) = V then f is normally hyperbolic at V and the unique splitting 

R u © TV © N S for f is near that of f. 

Proof. Applying (2.12) to F * Tf, F = Tf, E = T y M = N U © TV © N S gives a 
Tf-invariant splitting T^M = E^ © Eg © E^ near N u © TV © N s . By uniqueness in 
(2.12), TV = Eg, since T? leaves TV invariant. Since Ej * N u , E 3 = N s , and 
T? = Tf, it is clear that f is normally hyperbolic at V and E^ © TV ® E 3 dis- 
plays it. By (2.12) the splitting depends continuously on ?. 

t a 
Proof of (2.4). Let {f } be a flow leaving V invariant. Suppose f is 

eventually normally hyperbolic at V and N u © TV © N s exhibits it. Then f* 3 is 



immediately normally hyperbolic at V for some b > a. We know that f^V) = V an. 
that f* + f b C ] as t + b. Thus, by (2.15), f* is normally hyperbolic at V, 
t = b. Let 

TyM = t N U © TV © t N S 

exhibit it, t N u = N u , V * N s . We claim equality. 

Consider R u = lf l {H u } for t = b. Then 

Tf b (R U ) = Tf b (Tf^(N U ) ) = Tf^Tf^N")) - TfV) = R U . 

likewise Tf b (R s ) - R s for R s = Tf t (N s ). If t = b then R u * N u , R s = N. 
Thus, R u © TV ® R s also exhibits the normal hyperbol icity of f b at V. By (1.1) 
N u = N u , R s = N s ; that is, 

Tf t (N u ) = N u Tf*(N S ) = N s t * b . 

By (1.1) applied to f* this shows V e n u , t N s e N s for t = b. For t far 
from b, but of the same sign, the equalities persist by continuity and reapplica- 
tion of the local equality. Thus, 

Tf t (N U ) = N U Tf^N 5 ) = N S t G R . 

To prove that all f* are eventually normally hyperbolic at V is easy. Writ* 

( f t^n = f nt = ^kb-r _ f -r f kb 

where |r| < b and kb >^ tn. Thus 

m / M Ujrnt\ m / w u^kb\ r t-\ n 

!^>c 2 ^y >c 2 x k >c 2 x F 

IIV p f 11 iiv p f KD n " 

t c i 

where c = inf m(Tf ). Similarly, for N . This proves that f is eventually 
|t|<b 

normally hyperbolic at V and completes the proof of (2.4). 

Combining (2.2) with Remark 2 on page 14 we get many results on extending hyper- 
bol icity to closures. For instance 

(2.16) PROPOSITION. Let f : M M be a diffeomorphism leaving ACM invavi- 

u s 

ant and let Tf leave a splitting T.M = E © E invariant. Suppose 



ITf n |E S ! < CX n 8Tf" n |E U l < CX n 

for all n >_ and some constants X with X < 1. Then the A is a hyperbolic 

» US 

set for f. In particular E 3 E have locally constant dimension and are contin- 
uous on A. 

The next result shows that normal hyperbol icity of f at V depends only on 
the behavior of Tf over a certain compact subset, the centrum of f |V, If h is a 
homeomorphism of a compact metric space X, recall that Q(h) is the set of non- 
wandering points of h: x is nonwandering iff each neighborhood of x, U, returns 
to reintersect U under a nonzero h iterate — h n U n u f for some n f 0. The 
set n(h) is closed and h-invariant.* If we restrict h to fl(h) and replace X 
by n(h) we g< 
central series 



by Q(h) we get a (h) c n(h) c x. Continuing in this way, we generate the Birkoff 



)(D(]Dfl 2 3fl 3 D... 

of h. It ends at a countable ordinal a = a(f). That is, Q a+ ^ - ft a . The final 

set H a is called the centrum of h, z(h). It is the closure of the recurrent 

(= Poisson stable) points [7]. To pass a limit ordinal 3 we define fi 3 = n fi Y . 

Note that each is compact and f-invariant. 

(2.17) THEOREM. Suppose f: M M is a diff eomorphism leaving the compact C 

Ay /\g 

manifold V invariant and TyM has a continuous splitting N © TV © N such that 
A u A s . 

N © TV., TV 6> N are ~[f -invariant. If If is eventually normally hyperbolic 

Ay Z 

respecting © T^V © N z where z = z(f |V) then f is eventually normally hyper- 
bolic at V. 

Proof. Let T Q M denote T Q M, T fl f denote TflT Q M etc., where 3 is any 
ordinal <_ 3 £ a and z - ft a (f |V). By transfinite induction we claim that 

A u ^s 

N , N extend to continuous Tf invariant subbundles 

z z 

N 3' N 3 of T 3 M such that N 3 C ^ e T 3 V ' N 3 C T 3 V e N 3> 
and Tgf is eventually normally hyperbolic respecting 



* 



The opposite condition is called "wandering," but the choice of words is unfortunate 
since there is no etymological reason that a point which wanders might not also wan- 
der back where it began. A better choice of words, suggested to us by K. Sigmund, 
is that a point is called nostalgic iff its neighborhoods U keep returning as in 
the definition of ft(h). The point itself may or may not return near by, but its 
thoughts (nearby points) always do. 



Where 3 = a this is vacuous, so suppose it has been proved for some ordinal 3 £ ci . 

There are two cases depending on whether 3 1s a limit ordinal. In either one, we 

u s 

return to the construction of N , N in (2.3). 

Consider Lg where L is the bundle over V whose fiber at p is L(Np,T p V) 
and 1^ is The natural Tf-action on this bundle was 



V : p ^[ c p +( V )oP]o(fi P frl pgi p 



where 



T f IN" 9 TV = 



" N"f 

p 

L. C n V n f 



;u 



resp N"«T V . 
P P 



Let L a f denote the induced action on the space of sections Z (L D ). Since 

u ~H 

c © T^V exists by the induction assumption, there is a unique L^f-fixed 
point: the section xkp where graph(P ) = N u , x e^, Besides, for n 
large, LJ contracts all sections toward this one since n" © T Q V © N exhibits 

P A P P P 

the eventual normal hyperbol icity of f at ft p . Thus, there is a neighborhood U 

8 n 
of fr in V such that I f : L p ■+ L p is a contraction for all p € U and all 

large n. 

If 3 is a limit ordinal then ft Y C U for some y < 3- Otherwise ft^ f 
n b 

Thus, If contracts E (L ) for all large n. As in the proof of (2.4), unique- 
n 

ness of the L^f -fixed point implies that it is also an L f-fixed point. Thus, 

T f(N u ) = n" where = graph(P ) and x t-* P is the L f-fixed point. For a 
Y Y x v ' ft ^ u 

perhaps larger y'» Y ± Y* < 3» ft is very near ft p and so, by continuity of N" 

it is clear that eventual hyperbol icity of f at ft P propagates from ft p to ft Y . 

This shows that N u , is as claimed in the induction hypothesis. Symmetric arguments 

-1 ' s 

with f produce N as claimed. 

Y 

If 3 is not a limit ordinal, but 3 >_ 1 , then there exists an integer N 

6-1 

such that no point x e ft has more than N f-iterates in V-U. (Otherwise a 

8 n 
point of ft could be found in V-U.) It is now clear that l D ->f has a unique 

P" 1 II 

fixed point. As before this gives a continuous Tf-invariant extension of N ft to 
u ^u 

N 3-l C ^3-1 ® ^3-1^* ant * we ver1 *^ t ne inductive hypothesis at stage 3-1. This 
completes the proof of (2.17). 



Finally, here is a lemma needed below. 



(2.18) LEMMA. Let 



E ^ > F 



E ^ > E 
L 2 fc 3 
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i>e a commutative ladder of short exact sequences of Finslered vector bundles^ all 
over the same compact base where is a bundle map over the base komeomor- 

phism^ f : A •* A, k = 1,2,3. If is invertible and 

m(T 3 |E 3x ) > IIT^E^II x£A 

then iE-j has a unique T '^-invariant complement in Eg. 

Proof. Choose any complement to iE-j = E-j in Eg, say Eq. (It is only to 
find E Q that we use finite dimensionality.) Respecting EgSE-j - ^ 2 we have 



2x 



A 

x 

,_ C K 

x x 



Renorm E^ to make j: Eq -*■ E^ and i : E^ ■+ E^ isometries. Then mC^g ) = m (A ) 
> UK II = l|T 1 I. In the natural way, T« acts on the bundle I whose fiber at 



x G A is 



Sc " L < E 0x' E ix> • 



Namely, 



A 



LT, 



L 



+ A 



LT : P (C +K P)°A 
2 v x x ' x 



-1 



This action contracts the fibers of I uniformly by the constant 



sup (IIT lm(T , J -1 ) < 1 . 
XGA ,x JX 



'Applying (3.1), i.e. [22], we get a unique LT^- invariant continuous section 
a: A L. There E-J ^ = E 2 is a "^-invariant splitting where 

E^ x = graph a(x) . 

Uniqueness of Ei follows from uniqueness of a. 



§3. The C Section Theorem and Lipschitz Jets . The following theorem is the 
model for the others in this paragraph. See also [22], 

(3.1) THEOREM. Let E be a Finslered Banaah bundle over the compact space X 
Let the homeomorphism h: X ■+ X be covered by a continuous map f 



TT 



-» E 



-» X 



and assume |f (y) - f (y 1 ) | <_ k|y - y' | for all pairs y, y' E tt -1 (x) , x e X., and 

a uniform constant k < 1 . Tften E has a unique bounded section a : X -*■ E such 
that f{o"X) ~ aXj and a is continuous. The same conclusions hold when compact- 
ness of X is replaced by the assumption: {|f(0 )|: xEX} is bounded^ being 
^ xx 

the origin of tt (x). 



In other words, 



(3-1 * ) THEOREM. A fiber contraction has a unique bounded invariant section 
o, and a is continuous. 

Proof, Let £ b be the space of all bounded sections a: X -> E with the metri 

d(a,a') = sup |a(x) -a'(x)l . 

x^X x 

b b b b 

Then S is a complete metric space and f acts naturally on E as f^: I E 

defined by 

f# : cr i — ► f ° a ° h~^ . 

This means image(f^a) - f(image a), f^ is called the graph transform. Clearly 
d(f # a,f^a') < kd(a,a') and so is a contraction of I b . Thus f^ has a unique 
fixed point, say a^. But f#(°f) - °"f means a f (X) is f-invariant and vice 
versa. The subspace Z c of continuous sections is closed in E b and invariant by 
f„. Hence a, lies in S c . Q.E.D. 

Remark. If a is not required to be bounded, the theorem is false. For 

example let X = [0,1], E = [0,1]*F, and f(x,y) = ((a+l)x-ax 2 , by) where 

< a, b < 1. There are infinitely many unbounded, discontinuous f-invariant 
sections. 



Under certain circumstances the unique f-invariant section will be differen- 
tiate. A sufficient condition is given in the following theorem. 

(3.2) THEOREM. Let X, f, h be as above and also of class C r r >_ 1. 

r . r • 

(Thus X -is a C compact manifold and h a C diffeomovphism* ) Let TX be 

given a Finsler structure and call 

a = sup HT h _1 B . 
xeX X 

r r 

If k < 1 and kot < 1 then is of class C . 

The essence of (3.2) is present when r * 1 . The assumption ka < 1 means: 
f contracts fibers more sharply than h contracts the base. 

Natural proofs of theorems like (3.2) are not simple generalizations of the 
proof of (3,1). For instance, if E is trivial and the space y} of all C 1 sec- 
tions X ■+ E is given the natural sup-norm, then f„: y) -*■ t) is not in 

1 

general a contraction. It seems unlikely to us that any single metrization of I 

1 1 

will make f^ a contraction of I for all C fiber contractions, f. 

Instead we concentrate on the fixed section a-, which we hope to prove is 
If it were C , the tangent bundle T(a^X) would be invariant by Tf. Finding a 
Tf-invariant bundle over oyX is easy, but proving that it is indeed tangent to 
OfX is not. The ideas of Lipschitz jets explained below seem natural for this, anc 
they may have some interest of their own. 

Definition of Lipschitz jet. If X, Y are metric spaces, then two local maps 
g, g' from X to Y defined in a neighborhood of x e X are tangent at x iff 

gx - g'x and lim sup ^ = . 

The {lipschitz) jet of g at x, J g, is the equivalence class of all local maps 
at x, tangent to g at x. The jets of all local maps from X to Y carrying 
x G X to y e Y form the set 

J(X,x;Y,y) . 

The local map g is said to represent its jet J g. For j, j 1 e J(X,x;Y,y) we 
define 



dij.j') = lim sup d fa\ U ^ 



for g, g' representing j, j'. This d(j,j') is independent of the particular 
representatives chosen, although it might equal °°. When g' is the constant map 
u + y and j 1 = J g' then 



d{jlj , ) = li ^ U p^. = Lx(g) 



where L x (g) is the "Lipschitz constant of g at x." 

This definition of Lipschitz jet is the same as the usual definition of 1-jet 
except that nondifferentiable functions g are permitted. We may distinguish 
several classes of Lipschitz jets: 

J b = {j € J(X,x;Y,y): d(j, constant jet) < =*} 

J c - {j £ jk; j has a continuous representative} 
d b 

J = {j e J : j has a differentiable representative} 
a b 

J = {j € J ; j has an affine representative} 
d a 

For J and J to make sense X, Y must be differentiable manifolds and linear 
spaces respectively. 

(3.3) THEOREM ON LIPSCHITZ JETS. If X,Y are Banaoh spaces and x = 0, 
y = 0, then the set of bounded jets J b is a Banaoh space with norm |j| - d(j»0). 
The sets J C y J^ 9 J a are closed subspaces of and 

j b ^ f j j d = f . 

h h 

Proof. |«| = d(*,0) is clearly a norm on J we must prove J is com- 
plete. Let (j n ) be a Cauchy sequence in J b and let g n represent j , 

g : U -»- Y . 
3 n n 

4. U 

Define a sequence r n + inductively by requiring at the n stage 

< r n < Vl ' 

U n O {x e X: |x| < r n } , 



l9 n x " g m x l .. . , 1 
max sup | x l 1 IV J J + n * 

m<n x <r |X| n m n 



Since Tim sup j g_x - g x | / 1 x j = |j -j |, this can be done. Then define 
x-K> n m n m 



■{ 



g( X ) = { 9n(X) ^ Pn+1 < 1V " = 1,2t '" 

if x = . 



Observe that J Q g J b and j -+ J g in J b since 



|x| 

£sup (|j -j m i4) 



d(j m »J n g) - lim sup m . ■ < lim sup sup m n 

m u x+O |x| " n-*» r xl <|x|<r 

n+l— n 



n m n 

n>m 

which tends to zero as m ■+ «>. Hence J b is complete. 

For J c we must construct g with greater care: the g above would probably 
not be continuous. 



Let (j" n )« (9 n )» ( r n ) be as aDOVe with J n e J ant * 9 n continuous. Define 
a sequence of continuous functions 4> n : X ■+ [0,1] such that 



V { 



1 if |x| < r n+1 

if |x| > r . 

1 1 — n 



Then put g = <J> n g n + (1 - * n )g n .-] on the annulus r n+1 < |x| < r R . At |x| = r n+] , 
g is continuous because its limit is g n from above and below. Again j ■+ ^(g) 
because 

l9 m x-gx| |gx-g x| 

d(j m >J n g) = lim sup r-i lim sup sup M 

m u x^O |x| n-~° r nAl < x <r |x| 

n+l 1 ■— n 

1 im „.n <un n (X } ^n^ V ] + ( 1 ' V } [ Vl X ~ V ] 

= lim sup sup r— I ■ 

n+l 1 '- n 

< lim sup |j' - j J + \j n -i - j J + 1 + zrr 
— _ r '^n m ' n- 1 m 1 n n-l 



which tends to zero as m ■+ «. Hence J is closed in J . 



Now let j belong to J^. That j has a differentiable representative, say 
g, means that (Dg) n is tangent to g at i.e. (Dg) n is another represen- 
tative of j\ Thus, J - J*\ Likewise, if (j n ) is a sequence in r convergent 
in J b and g n is a differentiable representative of j p then ((Dg n ) Q ) is a 
Cauchy sequence in L(X,Y). Since L(X,Y) is complete, this proves J d is closed 
in A 

b c 

To see that J ^ J , define g: J* -*■ J* as g(x) = IxjX^fx) where X^ is the 

characteristic function of the rationals. Then J Q g is bounded d(J Q g,0) - 1 

-- but it is easy to see that no continuous g 1 can represent J n g. To see that 
c d 

J consider x> — H x l* Q.E.D. 

It is interesting to note that ft is nonseparable. We find it useful to 
think of J b as an enlarged class of tangents -- larger than the class of linear 
maps and perhaps more natural a priori. 

To get a grip on the space of sections of a Banach bundle we need to understand 
a section's slope. When E is trivial this is easy. Any section o: X ■> Xx Y is 
of the form 

a(x) = (x,s(x)) s: X ■+ Y 



where Y is the fiber of E. This lets us put 



slope (a) = L (s) = lim sup 
x x u-*x 



s(u) - s(x)| 
d x (u,x) 



where | | is the norm on the fiber of E over x. When E is not trivial, we 

A 

can trivial ize it. 

(3.4) LEMMA. Any C r finite dimensional, Finslered vector bundle E can be 

r . ...... . r 

isometrically C embedded in a trivial finite dimensional, Finslered C vector 

bundle E. 



Proof. That a complementary E' exists, E ® E' being trivial, is standard 
[6], Any Finsler on E' and the direct sum Finsler on E finish the proof. See 
also (6.4). 



Remark 1. Another way to deal with slope is to introduce a connection ~ a 
notion of horizontal subspace in TE. Trivialization accomplishes the same thing. 
Neither is uniquely determined by E. 



Remark 2. If E has a Riemann structure then it is also possible to isome- 
trically embed E in a bundle E which is trivial and has the constant Riemann 
structure. (For Finslers this is not always possible.) One might then redefine 
slope by the usual global inequality |sx-sy| £cd x (x,y). Since the latter gets 
into questions of the global nature of X and d^, we avoid it, preferring to 
leave E just vectorically trivial. See also Lemma 6.8. 

In §§4, 5, 6 we need hypotheses more general than those in (3.1,2). For 
instance, many natural "fiber contractions" do not cover homeomorphisms of the base 
onto itself, but rather onto some larger set. 

Definition. Let X Q c x be a subspace. If h: X Q X is a homeomorphism to 
its image and h(X Q ) 3 X Q then h is said to overflow X Q . 

Definition. A fiber contraction is a fiber preserving map of Finslered Banach 
bundles 

e -U e 

such that E n = E|X n , f is continuous, sup L(f|E ) < 1, and h overflows X n , 
u u xeX Q x 

Note that a fiber contraction f acts on sections of E^ in the same natural 
way as before: 

f # a(x) = fah" ] (x) (x e X Q ) 

for any section a: X Q + E Q . Thus f # : l(E Q ) ■+ 2(E Q ). When X Q is compact, Z c (Eq 
is metrizable and is contracted into itself by f^. Thus, as in (3.1), f # has 
unique fixed point a f e 2 C (E Q ). This a f is the unique continuous (or bounded) 
section a: Xq ■+ Eq such that 

f(image(a)) n Eq = image(a) . 

It is an easy abuse of language to call a f the f-invariant section. 

Definition. A fiber contraction f is of sharpness r, r > 0, if X n , X, 
-1 r — 

f, h are C and if 

sup k a r < 1 

^ x o xx 



where k x = L(f|E x ), = BT^h" I. (This assumes TX to have been Finslered.) 
Such an f is an r- fiber contract-ion . 

(3.5) C SECTION THEOREM. Let f be an r- fiber contraction, r 0; let 

X-j be compact 3 and let E be finite dimensional. Then the unique f -invariant 

* r r r 

section oy: X-> -*■ E- is C } depends C continuously on f, and uniformly C 

r 

attracts all other C sections of Eq under repeated application of f^. That 

is, if f 1 : E« -»■ E is an r- fiber contraction and f 1 i, C r , then 0*, a fJ 

r n / \ r r r 

C ; and °f* C ^ /or aZZ a in any C bounded set of C sections oj 

Proof. Let r = 0. Since f contracts all fibers uniformly, exists and 
is continuous as noted above. Likewise, it is clear that IfUa-ovL < k n k-o\-L 

_ ' ff T 1 U — 1 T 

where k = sup L(f|E x ) < 1. Thus, a f is a uniformly C -attractive fixed point. 
Since a f is continuous and X Q is compact, a large disc bundle D Q c E Q is 
carried into Int(D) by f; D Q = D|X Q . Also it is clear that 

def . 

a f x o = ° fnD o = {z€ D o : 3z " Wlth ^■•■••f" 2 ' = z€ D o } • 

Let U be any neighborhood of oyXg. There exists an n so large that f n (D Q ) c 

Int(U). If f is a fiber contraction sufficiently C° close to f it is clear 

that f ,n (D ) c (J also. Thus c fl (X Q ) c U and so a fl a f , C°, as f + f, C 
This completes the proof of (3.5) where r = 0. 

Now let r be >_ 1 . Before we can show a- is , we must prove it is 

T -i 

Lipschitz. To do so, we need to use the fact that f is C . (Otherwise, the esti 
mates sup k < 1 and sup k or < 1 do not imply a f is smooth: for instance, 

X XX -i T 

let E=[0,1]*F and let f(x,y) = (x,g(x) + ^(g(x)-x)) where g: [0,1] is a 
continuous, non-Lipschitz function; then k = i, a =1, and a f = g.) 

X c~ X T 

By (3.4), E can be trivialized 

E = E 9 E' . 
Then f extends to f on E by setting 

f(v e v 1 ) = f(v) © . 



Clearly f obeys the same hypotheses as did f and the f-invariant section of 
lies in E $ 0. Thus it is no loss of generality to assume E is trivial in the 



first place. 



Since is continuous and Xq is compact, there is some disc subbundle 

D Q c Eq of large radius such that Eq n fD^ c Dq. Since E is finite dimensional, 
D Q is compact. 

Using the triviality of E, we can, at each point z e Dq, express T z f as 



V 



A B 
z z 

C_ K 



A,: TX + T. X B : E + T.X 
z x hx z x hx 

C : TX E, K : T X ■+ T U „X 



zz J z'x hx z*x hx 



where x = irz. Since f preserves fibers, B = 0. By assumption IK I < k < 1 

1 Z Z X 

and A = T h has HA" It < a . From our estimates on k, a it follows that Tf 
z x z — X 

carries a family of nonvertical cones into itself. Namely, choose 

c = sup |C J 

ca 

1 > T T 01 = S "P "v 

x = sup k x a x 

and consider in each T 2 E the cone of all vectors of slope <_ I: 

Cone (l) = {u + v: u e T X, v e E , |v| < Jl|u|} . 

Such a vector u + v is transformed by T f into another, u'+v', such that 

|u'| > a^lul 

|V I < k x |v| + IC z l|u| 

and thus, 

|V | £ k x £|u| +c|u| < (k x a x i, + ca x ) |u' | 
< (x£ + ca) | u 1 | 

which by choice of % is <_ £[u'|. Consequently 

(1) T z f(Cone z U)) <= Cone f2 U) . 

Now let us look at the set lU) of all continuous sections a: X Q ■+ D Q such 
that at each point x £ Xq 



From (1) it is immediate that carries £(£) into itself. We claim that £(£) 
is closed in E and hence that the invariant section lies in E(&). When E 
has a constant (= trivial) Finsler, this is merely a restatement of the fact that 
the set of maps from X to Y with Lipschitz instant < I is closed in C°(X,Y), 
When E has a general Finsler and {o^l is a sequence in 1(1) which converges to 
a in Z then we must show a G Fix Xq e X Q and any e > 0. Since | | 

is continuous in x e X (this is a feature of a Finsler), there is a neighborhood 
U A of x n in X such that 

x e U n f v e E v . 
u x Q 



1 - e < 



x 



< 1 +£ 



Thus, relative to the constant Finsler 
slope < a + e£ t 



IXQ 0n 

and so their uniform limit, a|U 



the sections 



° n i u ' 



have 



0' 



• |V 0' — - - n f"o 

also has slope ££ + e£ relative 



to the constant Finsler | . Thus, slope XQ (a) <_l + el. As e was arbitrary, 
we have slope x ^(a) _< I and hence have proved z(Jt) is complete. Therefore a^, 
the invariant section, is Lipschitz and has slope < I. 



We are going to cook up a Banach bundle J and apply (3.1). Its fixed section 
will furnish T(a^). For each x e hXg let 



J = {J Y (a) : aei and a(x) = a,(x) and | J (a) | < »} . 

A A i A 

(When x € h(X Q ) - X Q we put a(x) = f (a f (h _1 x)). ) Thus J x C J(X,x;E,a f (x) ) . 
Using the constant jet J (u a Ax)) as the origin, J has a natural Banach 

At A 

space structure via (3.3) but, as was pointed out to us by Ethan Akin, J = u J 
not naturally a Banach bundle. The natural topology one would give to J 
some trivializing E-chart depends on the chart — even when E is trivial, 
and X = [0,1]. To get around this problem we put the discrete topology on X, 
denoting the result by x discrete . Then J is a Banach bundle over x discrete 
(although in a rather foolish way) and f naturally induces a map 



x 

using 



is 



Jf 



discrete 




-J 



Jf < J x a > = J hx<V\ 
' J hx< f ° h > 



discrete 



We claim that Jf contracts the fiber J by the factor t = k a . If 

X J XXX 



j> j' G J are represented by a, a' then 



Ifah'^uWa'h" 1 ^)! 



|jf(j)-jf(j')l - IV^'Kx^'^l = 11m "p- — anro — - 

u nx a 

|fa{u')-fa'(u , )| hx d (h^u.x) 

< lim sup d / u , x v Hm sup d / h i 

u'-x V u * XJ u-hx V u,nx; 

- k x l j " J, l " a x - T xl J "" J "l ' 



Therefore, applying (3.1), J has a unique Jf-invariant section, say oj^: X Q J. 
Clearly Jf carries J d into itself, J d being {j eJ: j is representable by a 
differentiate section}. For 



fah" 1 

is differentiate whenever o is. Since J d is closed in J by (3.3) the Jf 
invariant section Oj^ takes on its values entirely in J . 

There is another Jf-invariant section of J, namely 

x * J x (°> ) • 

It is invariant because a f is f^-invariant. Hence 

J x (°f) = a jf( x ) * 

This proves that: at each x e X Q , the jet of a f is representable by a differen- 
tiate section. Hence a f is everywhere differentiate (a function tangent to a 
differentiate function at x is differentiable at x). Besides, its derivative is 
uniformly bounded. It remains to prove that o f is C 1 . Consider still another 
bundle over X. Its fiber at x is 

L = L(T X,E v ) L = UL . 

XXX X 

Jf acts on L according to 



^ P ~ ( C a f x +K a f x P) °V^ X€X ° 



(If graph (P) denotes the plane {u + Pu: uey} C T E then Tf graph (P) - 
graph (Lf(P)) and in this sense if is the natural action of Tf on prospective 



""tangent planes to image d f ".~) The Tiber L has a natural Finsler and isTTnite 

dimensional. The induced map If contracts the fiber L by the constant 

1 x 

T x = k x a x* Sl " nce a f is continuous and f is C , Lf is a continuous fiber 
contraction. By (3.1), its unique bounded invariant section, say o^ 9 is contin- 
uous. The section of L furnishing the tangent planes to image (o>) is cer- 
tainly Lf-invariant since image (c f ) is invariant under the C map f. Since 
the derivative of Op is uniformly bounded, a is bounded. Hence, a = a^, 
i.e., 0^ is . 



Remark. From conversations with R. Kirby, it seems to be the case that any 
ith J x (c) a continuous function ■ 
strange feature of the topology of J. 



o with J x (o) a continuous function of x is necessarily of class cJ . This is a 



To prove that a f is of class C r is a fairly easy induction. The case r 
is hard but finished, so assume r > 2. Consider again the induced map 



X Q — - — MiX 

r-1 r-1 
By induction, a, is C and so If is C . It contracts the fiber L by 

T .r-1 x 



the constant t = k a and so it satisfies the C hypotheses of (3.5). Hence 
1 x XX 

is C by induction. Since amounts to the tangent bundle of 

image (a f ) parameterized by X, we see that a f is C 



r 



Next, we must discuss how varies as a function of f. Let f cover h', 

h ' Xq ^ Xq where f and h' tend to f and h in the C r sense, r >_ 1 . 

Clearly exists and is unique. We must prove that a^ t tends to af in the 

C r sense. By induction, assume that converges to a^, in the C r ~1 sense, 

r >_ 1 and that f 1 is tending to f in the C r sense. The tangent bundle of 

image (a^, ) was found as the Lf invariant section of a certain bundle L' which 

is the same bundle wherein image (aJ's tangent bundle was found. And clearly Lf 

r-1 

tends to Lf in the C sense. Thus by induction applied to Lf and Lf, 
a^, tends to in the C r "^ sense, i.e. a^, tends to in the C r sense 

Finally, we must see that a f is uniformly C r attractive under f?, r >_ 1. 

n r 1 

By induction we know that (Lf)^a J in the C " sense as n -*■ °°. Thus, 

T(image (fjo)) t T(o f ) C r-1 

n r 

and so f^o X o\p» C , as n -»■ ». This completes the proof of (3.5). 



Remark, Instead of being defined on the whole bundle Eg, it ; would T have 
sufficed throughout §3 for f to map Dg into D where D was a disc subbundle o - 
E and Dq its restriction to Xq. 

To verify the overflowing condition is not always easy. Here is a sufficient 
condition: 

(3.6) PROPOSITION. Suppose X is a cJ compact manifold, V is a compact 
submanifold of X without boundary, and X-j is a compact neighborhood of V 

in X. If h: X-| X is normally expanding at \, then V has a compact neighbor- 
hood Xq C X-| such that hXg 3 Xq. 

In §§4,5,6 we will need a stronger version of (3.6): it must give a uniform X Q 
for a whole class of h's. For this we need the following form of the Inverse 
Function Theorem. 

(3.7) LEMMA. If A: E E' is an isomorphism of Banach spaces and r: U •+ £' 
is a Lipschitz map having L(r) < m(A) and if U is convex in E then h = A + r 
is infective. If E = E ] ® E^ E' = E-j © E£, A = A-, © A ?J U 3 l } {6) © E 2 (6) 

then 

h(U) D Ej(6p © E£(6£) 
6* = (m(A.)-2L(r))S i = 1, 2 . 

Moreover, h ^ is Lipschitz with pointwise Lipschitz constant <_ (m(A) - L(r)) ^ . 



Proof. Since we do not assume E has the product norm, the factor of 2 occurs 
The proof is standard, see [12] or [31]. See also the figure below. 



We conclude this section by showing that the unique invariant section of (3.1) | 

i 

often satisfies a Holder condition. This makes sense only if the total space E has 
a metric. For simplicity we assume that E has a metric induced by a complemented ; 
inclusion of E into a trivial bundle 

ECvE © E' *» X x y 

where Y is a Banach space, XxY has the product metric, and the natural pro- 
jection proj: E © E' E is Lipschitz. Such a metric on E is called trivializa- 
ble. Note that such a trivial izable metric coincides on fibers with a Finsler on E. 

The following theorem was stated incorrectly in 6.1(b) of [22]. (The hypothesis 
that F is Lipschitz should be added.) 

(3.8) BOLDER SECTION THEOREM. Let tt: E -+ X be a Finslered Banach bundle 
over the compact metric space X. Assume that the Finsler is induced by a triviali- 
zable metric on E. Let f : E E be a fiber map covering the homeomorphism 
h: X X. Let < k < 1 be such that 

|f(y)-f(y')i fx < My-y'l x 

-i 

whenever x E X and y, y 1 € E . Suppose further that f and h are Lipschitz 

-1 

and the Lipschitz constant a of h satisfies 

ka b < 1 < b < 1 . 

Then the unique f "invariant section is b-Holder. 

Proof. Extend f to XxY by commutativity of 

XxY ► X * Y 

u u 
E e E 1 pr °j > E -J-+E C> E © E 1 

This f satisfies the same hypotheses as f, so we may assume E = XxY with the 
metric 

d((x,y),(x' ,y')) = max (d x (x,x' ) , |y-y 1 [) . 
A section of XxY corresponds to a map X Y. Holder sections correspond to 



bolder "maps. An f-invariant section corresponds to a map g: X Y such that 
g = fgh" 1 . 

Let H(H,b) = {geC°(X,Y): lim sup 9^x) "9(y) < H } where H > and < b < 1 

|x-y|*0 |x-y| D 

are constants. For clarity we write the metric on X as |x-y|. 

Compactness of X implies that any map in tf(H,b) satisfies a b-HSlder 
condition. 

It is easy to see that ff(H,b) is closed in the Banach space C°(X,Y). We 
shall show that for some H and b, H{H,b) is invariant under the graph transform 
f| : 9 fgh"^. Hence the fixed points of f^, o^, lies in tf{H,b). 

Let L be a Lipschitz constant of f. Let x, x' e X and call p = h'^x), 
p' =h" 1 (x'). Let g£H(H,b). Then 

|f # (g)x-f # (g)x'| - |f(p.gp)-f(p\gp')| 

< |f(p,gp) -f{p',gp)| + |f(p'»gp)-f(p , .gp , )| 

< L|p-p'| + k|gp-gp'| 

< La|x-x'| + kH | p - p 1 | b 

< La|x-x'| + kHa b |x-x'| b 

- Jx-x'lValx-x'l^ + HkaD) , 

Now ka b < 1 and 1 - b > 0. Therefore if |x-x*| is sufficiently small, the 
factor in parenthesis in the last equation will be < H. This shows that 
f # g e f/(H s b), i.e. that f # : tf(H,b)*0, and completes the proof of (3.8). 

Remark 1, The proof of (3.8) is easily adapted to maps defined only on a ball 

subbundle of E or over a noncompact base space. Also, the absolute assumption 

ka b < 1 could be replaced by a relative one sup k a b < 1. 

x * x 

Remark 2. The C r Section Theorem and the Holder Section Theorem can be com- 

r+b 

bined to show that if in (3.2) it is assumed that ka < 1, < b < 1, then the 
f-invariant section, a f , is C r and its r-th derivative is b-Holder. 



■ §4. "The local Theory "of Normally Hyperbolic, Invariant, Compact Man i folds". " 
In this section the basic theorem of our paper is proved. 

(4.1) THEOREM. Let f : M M be a C r diffeomorphism, r > 1, of the com- 

CO ( 1 

pact C mamfold M leaving the compact C submanifold V CM invariant. 
Assume f is r-normally hyperbolic at V respecting TyM = N U © TV © N S . Tfcen 

(a,> Existence : There exist locally f '-invariant submanifolds W U (f) and W S (f) 
tangent at V to N U © TV, TV © N S . 

Uniqueness : Any locally invariant set near V lies in W U U W S . 
. s 

te,) Characterization ■' W consists of all points whose forward f orbits 
never stray far from V and W U of all points whose reverse f '-orbits 
never stray far from V. 

(d) Smoothness : W U , W S and V are of class C r . 

• US r 

(e) Lamination : W and W are invariantly fibered by C submanifolds 

Wp"^ Wp S , p G V, tangent at V to nJJ, N* respectively. Points of W^ S 
are characterized by sharp forward asymptoticity and points of WjJ U by 
sharp backward asymptoticity. 

(f) Permanence -' If f is another C r diffeomorphism of M and f 1 is C r 

near f, then f is r-normally hyperbolic at some unique V'j C r near 

V. 27ie manifolds W U (f), W S (f'L and tfte Zaminae W U "(f'L W S *(f) are 
r P P 

C near those of f. 

(g) Linearization : Near Vj f is topologically conjugate to 
Nf = Tf |(N U ©N S ). 

(h) Flows and Eventuality : Similarly for eventually r-normally hyperbolic 
diffeomorphisms and flows. 

Remarks. The local invariance of W u , W s means fW u => W u , fW s c W s . (b) 

follows from (g). (g) was proved in [41]. A C r lamination is a foliation F 

r k 

whose leaves F v are C and u T F is a continuous bundle, 1 < k < r 

k x — — 

(where T denotes the k'th order tangent). For instance the unstable manifolds 

of a C r Anosov diffeomorphism form a C r lamination. In the case of flows, 

invariance means invariance under all time-t maps. 

Proof. First we shall construct W u , the local unstable manifold through V. 
This is the hardest part of (4.1). Essentially our idea is to consider the germ of 
f at V as the perturbation of a fiber map satisfying (3.5). The smoothing tech- 
niques are special to the compact case. 

By the Whitney Extension Theorem [1] there is a c" 1 diffeomorphism g: M -»- M 
such that gV, Tg(N u ), Tg(N s ) are C°\ The map gfg" 1 is normally hyperbolic at 
gV. So it is no loss of generality to assume V, N u , N s are C°° at least for 
purposes of finding W u of class C 1 and proving that W u (f*) depends C 1 



continuously on f C near f. For g" (W u (gfg" )) will serve as W u (f). The 
C r results, r > 2, will need more proof. 

By definition, there exists a C w Riemann structure Rq on TM exhibiting the 

normal hyperbol icity of f at V. Since N u , TV, N s are C°°, we may define a new 

Riemann structure on TyM by declaring N u , TV, N s to be orthogonal but otherwise 
equal to Rq. Then we smoothly extend to TM. The new Riemann structure R will 

still exhibit the normal hyperbolicity of f at V. Let exp be the exponential 

of R and set X = exp N u (eg) where £q is small enough to make X a compact 
manifold (with boundary). Clearly T y X - N u ©TV. 

00 s 

Let E be a C extension of N to X near V. Exponentiating E gives 

a tubular neighborhood of X in M, t: E(v) ■+ M. The map t~Vt, defined near V 

in E, is normally hyperbolic at V, and it may replace f in our search for W u 

— i.e. we may and do assume M = E. As in (3.5) we can assume E is trivial by 

setting f(y©y') = f(y) for y©y' € E© E' , E' being a C°° bundle over X such 

that E © E' is trivial. This makes T p f ] non-invertible but keeps 

IT f|EJ = IT f|N s ll. We call Y the fiber of E and tt the projection 

P'P P'P r a B 1 

tt: XxY + X. Respecting E = XxY we write Tf = L J which at pe V becomes 







DO 
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N?f 



Let 



X(e) = exp N u (c) 



and let 



Sq(1,£) = {sections X(e) ■+ E(e): a(p) = p VpeV, slope a <}} , 

Put the sup norm on 1^(1, e), which makes it complete as in §3. (Since E is 
trivial, the slope is well defined.) We claim f naturally induces a contraction 
f^ of E (l,e) -- at least for small e -- defined by 

f^o - f°a°g 

where g is a right inverse of -rrfo defined on X(e). The hard part is to show f^ 
is well defined. 



The Riemann structure R on TM, restricted to TX and TV, gives exponen- 
tial maps X-exp: TX -*■ X, V-exp: TV ■+ V, Then, consider x Q : T X + X defined by 

X p (Y + v) * X-exp(y + h (v) + v) y e NjJ v € T p V 

where h : T V -+ N" has X-exp(h (v) + v) - V-exp (v). Thus, h is C°° and 

H r H r r 

(Dhp)p = 0. (We have merely modified the natural exponential charts so that V 
appears to be flat.) Triviality of E lets us define bundle charts 

e 

T X x Y — ^X x Y = E 
P 

U,y) • ►(XpU).y) 

Four uniformities are to be noted about E and these charts: 



(1) 



|y| 
TyT 



d x (x,x') 
lx- 1 (x)-Xp 1 {x-)l p 



for x, x" e X, p e V, y£Y, y / 0, and d x (p,x) + d(x,x' ) t 0. By J we mean 
uniform convergence. Second, if f is expressed in ep-charts as 

f = e;Iofoe n = Tf + r: T X x Y ■* T- X x Y 
p fp p p p p fp 

then 



(ii) D(r|TM(v))tO as v + pGV. 

(ii) says the Taylor approximation of fp by T f is uniformly good. The uni- 
formities (i), (ii) follow at once from compactness of V, M, and smoothness of 
h, exp. Finally, given constants co < w 1 < 1 there exists 6 > such that 

(111) X(c) => X p (w'e,6) d i f Xp(NjJU'e) *T p V(6)) 

(iv) Xp 1 ^ .(we.we)) c NjJ(u)'e) x T p V(S) 

whenever p, p' e V, X^fp') G T V(6/2), and e is small. See the figure below, 
drawn in the x n -chart. 




Here is how (iii) is proved. Let p' be a point of V near p e V. Then 
X p .Np,(e) is part of X(e) and X^Xp.NjJ, is a disc in T p X through the point 

Xp^P') GT p v - As P' ■* P» the tangent bundle of X^XpiNp, converges to the 

plane fi\ uniformly in p € V. On the other hand if a point £ e N u (coe) xj V 
P i P P 

could be found so that Xp (€) e X p .N and x 1 = x p !x p S has |x'| , > e and, all 

the while, p 1 is quite near p and e + 0, then the point x" 1 ^') can be 

joined to £ by o Uy where o is the segment in T p X from £ to v e T V 

parallel to Njj, and y is the segment from v to x'^P 1 ) in T V, See the 

figure below, drawn in T X. 

P v 




8y assumption x>Ao) <_ we where £ means length in T a. Since exp is the Rie- ; 

P P P 

mannian exponential map, 

d x (p',x') = length exPp.Cp'x'] = | x 1 j p , e. \ 

The length of x p a in M 1S (1 + o(l))|a| p £ (1 + o(l))a>e as e + because 
{exp p }p £M is uniformly tangent to the identity isometry. Hence 

A (Y) > (1 +o(l))(l-u)e 

as e and p' is near p, in order to keep d^Cp'.x') >_ e. But this contra- 
dicts TCxp^XpiNp, ) being very near n|J. For somewhere the slope of Xp\piNpi 
(relative to the product NpXT p V) would be > a p (y)/e - (1 + o(l))(l-u>) -AO. This 
argument is uniform and works at all p simultaneously by compactness of V. The 
proof of (iv) is similar. 

Let X = inf m(Npf), y = inf m(V f) where Njjf = Tf | nJJ, V p f = Tf|T p V. Since 

V is compact, y > 0; since f is normally hyperbolic X > 1. Choose y, X, oi, 
and a)' so that 

< y < y 1 < X < X 

< w < w' < 1 Xw > 1 

Express a: X(e) ■+ E(e), oS ZgO.e), in the e p -chart as a p = e p lae p * B ^ 
(i) we can choose 6-j so small that \^\ 6-j implies 

L ? (a p ) < 2 5 6 T p X 

for all oGE (1,e), all p E V, and all small e. By (ii) e^firf )°e p = A p + p p 
where the remainder p has L(p |T M(v)) t as v 0. Thus 

H H r 

x"^(Trfa)o Xp - Ap + PpC p 

with L{ppa p |Np(E) ^TpV(v)) tO as e, v + 0. By (3.7) applied to h = Xfp°^a°x p 
we see that 



Xfp°TrfaoXp|Np(u3'G) xT p V(6) is injective 



XfJ°(TTfa)°Xp(Np(we) xT p V(we)) 3 N^Uwe) x T fp V(uu>e) 



where 6 was determined by (iii) and, besides, e, 6 are small enough so that by (iii 



Np(u)'e)xT p V(6) C domain a p = x^UU)) 

L ^ p a pl N p {a),£ ^ xT p v(<s)) < m1n ^- x >y-^) • 

Note that Xfp°( 7r 'f CF ) Xp carries to 0, a requirement of (3.7), Thus 

irfa is infective on X {w'e,6) c X(e) 
(v) P 
7rfa( U X n (w£,tue)) D X(e) . 
peV p 

We could prove that no point of X(e) has a irfa inverse image except in 

u X (we, toe), so that (ufa)"^ | X(e) would be perfectly well defined. But it suf- 
pGV p 

fices for us to show that there is a right inverse for irfa defined on X(e), tak- 
ing values in UX (wcwe). Suppose, on the contrary, that for arbitrarily small 
peV p 

e > there existed oE Iq(1» e) such that 7rfa(x) = irfa(x') e X(e) and 
■x g Xp(u>e,we) , x' G X pt (we, toe) . Since f|V is injective and V is compact, the 
points p, p' must become arbitrarily close to each other along V. Thus the point 
Xp^W> X^U 1 ) would lie in N^w' e) x T p V(S) by (iv). This contradicts (v). 
Hence for small e > 0, the right inverse for Trfa which takes X(e) into 
UXp(we,we) exists and is given locally as in (3.7). Call g this right inverse. 
Then for small e, while Trfa(x) G X(e) and x G Xp(o)e,toe); 



-, fa(x) (g) 1 (m(A p )-L(p p a p |T p X(a)s))-o(l)) 



-1 



as e 0. (We use also (i) here to relate the norms, introducing the o(l) term). 
Hence 

as e ■+ 0. Continuing in a similar way, we estimate the slope of f^a = f°a°g in 

the e f , e charts as 
fp p 

irfa ( x ) 

< (IIN^f II + o(l )) (slope a + o(l )) (m(A J" 1 + o(l )) 

as e -* 0. Since T V . N u , m(A ) = m(V f). By f„ we mean the component of f 

P P # P, P 2 S / v-1 

in the fiber Y, thus f = (f-,,f 2 ). By normal hyperbol icity sup ilfrfl!m(V f) < 1 

and so f^ indeed carries £q(1,£) into itself. K 



To find a fixed point of f^ we only need to observe that IqO ,e) is 

compact, convex, and apply Schauder's Theorem. For the uniqueness and permanence 
parts of Theorem 4.1, we want to know f^ is a contraction. For a, a' e EgO.e) 
let g, g' be the right inverses of Trfa, irfa'. For x€ X(e), 

g{x) e X p (a>e,toe) g'(x) G X .(we.ue) . 



As 



e 0, it is clear that dy(p,p') t and by (iv) 



X ,(u)e,u)e) C X (o) , e»6) . 

r r 

Therefore, to estimate | f^a(x) - f^a' (x) | we can work in the charts e p , e^ p . As 
in [22] we see that 

|g(x)-g*(x)| = |g°(Trfa') o g'(x) -g°(Trfa)og'( x )| 
< HgJKirfa'Jog'fx) - (irfo>g' (x) | 
1 (m(A p )- 1 +o(l))L(p p |T p X( £ ))|a-a t t(l+o(l)) 

in those charts as £ 0. Thus 

|fag(x)-fa'g'(x)| = |f 2 ag(x) - f^'g' (x) | 

< |f 2 ag(x)-f 2 a'g(x)| + |f 2 a'g(x) - f 2 a'g'(x)| 

< k|a-c'| + L(f 2 <j')|g(x)-g'(x)| 

1 [k + (l+o(l)) 2 k(m(A p )- 1 +o(l))o(l)]|a-a'| 

as e 0. Thus f^ contracts Iq(1,s) when e is small. Let a f be the unique 
fixed point of the contraction f^ and consider = a,p(X(e)). 

f(a f (X(e))) 3a f (X(e)) . 

These same estimates show that 

(vi) W" = nf n E(e) 
e n>0 

= {zGE(e): Vn > 3z 1 € E(e) with fV - z} 



For by backward invariance, a f (X ) c Of" n E(e) s while if zGE (e), z 1 e E t (e) 

a . + u e n>0 x x 

and f z = z, then — 



l° f (x)-z| x < (k n + o(l))|a f (x')-z 



as e ■+ 0. This shows oJx] - z is arbitrarily small if ze HPEje] , " and" 

n>0 

hence (vi). Thus, any backward invariant set near V is contained in W u . This 

u ^ 
proves the W part of Theorem 4.1(b), (c) uniqueness and characterization. The 

>W S part is done by considering f"^ instead of f. This characterization lets us 

remark at once that 

W U , = W u n E(e') for < e' < e . 

e e — 

It also follows from the local estimates that for any e', < e' £ e, 

(vii) u fV\ = W u . 

n>0 e e 

We are going to apply techniques of Lipschitz jets to conclude W u is of 

1 u 
class C . Let J be the bundle over X-, = irfw whose fiber at x is 

J x = {Ja G J(X,x;E,a^(x)): a is a local section of E} 

and let V be the unit disc bundle in J. As in §3, f induces a natural bundle 
map 

P|X(e) ► V 



vf ^discrete ^f „discrete 
X(e) — ► X 1 

defined by Jf{J^o) = J X ](f a 9) where irfa^(x) = x.j and g is the local right 
inverse of -rrfa supplied by (3.7). Clearly Jf preserves J d * jets of differen- 
tiate sections because fag is differentiate whenever a is. Likewise, Jf con- 
tracts the fibers of V. To prove that Jf really does carry jets of slope < 1 
into jets of slope <_ 1 , we merely estimate in the uniform charts, again, 

slope (fag) = l x ^ f 2 ^ £ L x^ f 2 a ' L x 1 

1 (kp + otUHmtApJ^+oO)) 
= (kp + o(l))(m(V p f) _1 +o(l)) 

as e -+ 0, since N u x TV. By normal hyperbol icity this is indeed < 1 for small 
e. Likewise, for two such sections a, a' 



L Xi (f # a-f # a-) = U Xi (V)-J Xi (V)| Jxi 



and so in the chart 



|Jfa- Jfa'lj = L x (f 2 ag- fgo'g') 



*1 A l 

1 L (fgag-fga'g) + l_ x (f^'g - f^'g' ) 

- L x (f 2 CT " f 2 a,)L x 1 (g) + Lxiy'y 9,9 ' 1 
< (k p + o(l))L x (a-a')(m(A p rUoO)) 
+ o(l){m(A n ) _1 +o(l))o(l)L (a-a')(l+o(l)) 

which by normal hyperbol icity proves Jf contracts fibers as claimed. 

Then apply (3.1). The unique Jf-invariant section a,* takes values only in 

d 

J . But clearly x J x (c f ) is also a Jf-invariant section of V. Thus, 

x (a f ) = Oj f (x) 

and so a f is differentiable and has slope everywhere <_ 1. Let B be the disc 
bundle over X whose fiber at x is 

B x = {P€L(T x X,E x ): H R II <!} . 

Up to translation along the E-fibers 

graph Lf(P) = T f graph(P) P € 8 

Lf(P) = (C 2 + K 2 P)o(A z + B z P)" 1 z = a f (x) 



defines a fiber contraction 



B|X(e) B 



Trfa^ 
X(e) ±— X 



An Lf-invariant section of B is provided by the (a priori discontinuous) tangent 
bundle of w", but by (3.1), there is only one such section and it is continuous. 



u . £ 1 
Hence W u is C 1 . 

E 



Restricting B to V, the same reasoning shows that TyW u = N u ® TV. In sum 
then, given an r-normally hyperbolic f at a compact manifold V we have 



I. _.. 1 It „ „ 

constructed a local C manifold W £ tnrough V such that 

fW u D W u 

e e 

T.,W U = N u © TV 
V e 

To prove that W u is C r , we must abandon the smoothed versions of N u » N s , 

1 

V since they were only C related to the original ones. Let us also remark that 
in general N u , N s will be just HBlder continuous no matter how r-normally hyper- 
bolic is f, so this smoothing trick a la Whitney's Extension Theorem directly pro- 
duces only results. 

u r-1 

Assume by induction that W £ is C , r >^ 2. Instead of smoothing the bun- 
dle N u , TV, N s let us C° approximate TW", N s by C°° bundles f, N s defined 
in a neighborhood of w". Then consider the C r ~^ bundle I over whose fiber 
at x is 

I = L(f S 8P) • 
X x x x' 

Express Tf respecting the splitting f $ N s as 

Tf = 

At p e V, f - TW^ and N s N s imply IB p l, UC p ll t 0, m(A ) J m(Tf|N^ + T p V) * a p 
IIKJI t l!Tf|N^i = k . Let V be the unit disc bundle of I. For any P e p 

LI iJ kJ A A 

consider the formula 

lf(p x ) = (Vv x )»(vb/ x )"' • 

For x near V and very good approximations T, N , Lf(P Y ) is well defined and of 
norm <_ 1 . This If is the natural action of Tf on L according to 



A B 
C K 



graph Lf(P ) = Tf graph P v 

A A. 



where graph P = U + P £: £6T }. Thus 

A A A 



< e 1 < e 



likewise it is clear that (near 
tracts the fibers of V 



V and for good approximations T.TP) If con- 
On the base, 



E . by a constant approximately equal to 

the pointwise Lipschitz constant of is approximately a . Thus we may apply 

P p_i 

(3.5) with the (r-1 )-conditions. The unique Lf-invariant section is C , i.e. 



TW U , € C 



r-1 



i.e. W l 



By (vii), it follows that w" is C r also. 



-1 s 

As mentioned above, these results when applied to f produce W £ , also of 
class C r . Thus V - w" ^ W* is of C r too. In all, we have proved parts (a), (b) 
(c), (d) of Theorem 4.1. Part (e), lamination, will be deduced in §5. Let us con- 
sider part (f), permanence. 



When r-1, we can go back to the construction of 
the class of sections 1^(1, e) to 



W £ for f. If we enlarge 



^(l s e) = {sections a: X(e) + E(e): |a(p) | <_C» P^V, slope a_<l} 

and if c even faster than e, then for f extremely near f in the 

sense, fla = fag' will be a well defined contraction of where g* is a 

^ 

right inverse of irf'a. In fact, f| will tend to f^ in the C sense as f + f 

in the sense since all the sections cj have slope < 1. (See also §5.) Thus, 

the fixed point a f , will tend to a f in the C° sense. That is, we can construct 

for f a manifold W u (f) * o>,(X(e)) such that f , W u (f) =>W u (f') very near 
u £ u 1 c e 

W"(f). To prove that W (f) is C is merely a perturbation of the proof that 



w"(f) was C 1 . We find a Jf , in V 1 



P 1 



Jf 



X(e) 



Trf 'a. 



-> X. 



and 



V 1 = {J a€0(X,x;E,a f ,(x)): a is a local section of E slope a <_ 1} 



a 7jrl (x) = J (a-,). Thus W u (f) is C 1 . 
Jf x f e 



To prove that W^(f 1 ) is near W^(f) we must find o^, o^ t as 
invariant sections in the seme bundle. Let VI be the unit disc bundle in L where 



Sc L(T x X ' E x> • 



The maps f, f induce If, Lf 



VL 



X(e) 



Lf 



* VL 



+ X 



PL 



— *■ PL 



Trf *a f , 
X( e ) 1— i. X 



»given by 



graph Lf'(P x ) -T (x) f ( B ™ P hP x ) P x 



e. PL 



where the plane, graph P = {C + P v ?} c T E, can naturally be considered to lie in 

XXX -i 

any T E, ttz = x, by triviality of E. As f + f, C , it is clear that 


If ■+ Lf , C . Both are fiber contractions by the usual estimates and so the 
invariant section of Lf converges to that of Lf in the C° sense by (3.5). 
Since TW"(f ) is Tf -invariant, this shows that Tw"(f) ■+ Tlrf"(f) in the C° 
sense, that is, w"(f) ■+ w"(f), C 1 , as f + f , C 1 . 

Applying this result to f" 1 gives W*(f) ■* W*(f), C 1 , as f f , C 1 , 

and thus by transversal ity there exists V = W u (f) ft W s (f ) ■+ V, C 1 , as f + f, 

1 u e s e 

C . By backward and forward invariance of W (f), W (f )> V 1 is f invariant. 



Let us prove that f is r-normally hyperbolic at V, Choose and fix any 
ibular ne 
diffeomorphism h 



r 1 

C tubular neighborhood of V, say t: U V. Restricted to V, t gives a C 



isometries 

that e n 
P»P 



^, . V ■+ V. Let e be a C connector on TM a choice of 

6 : T M T M defined for all (p»q) near the diagonal in M*M such 

p.q p q 

= identity and e is C in p, q. Such e are easy to construct by 



patching together local ones. Then consider 



T V M 



(eh) 



-l 



Tf 



6h 



9h: T ,M •* 
P 

MP') = P 



T M 
P 



-1 



is a bundle map which is C near Tf. Thus, by Theorem 2.11, 



eh Tf (9h) 
9h Tf (eh)" 1 
Tf 

(2.11) implies TV = ehEg. Thus Tf is r-hyperbolic at V. For r = 1, this 
proves part (f) of Theorem 4.1 except for the lamination business which is in §5. 



is also r-hyperbolic and e of the splitting E.j®E2$Eg = TyM is 
invariant. Since 6h is near 1, when f is C 1 near f uniqueness in 



r 

Note that we do not need f 1 to be C near f in order to get that f is 

1 r 

r-hyperbolic at V -- just that f be C near f and of class C . Likewise 



thisproves V, ~W^(f ') ,~ VT(f ' ) are of class C T without further effort, by 
applying what we already know about any r-normally hyperbolic diffeomorphism to f 
at V. 

Now we want to show w"(f) + W^(f)» C r , as f* + f, C r , r > 2. Assume 
W^(f') -»■ W"(f), C r_1 , by induction. Choose a C r tubular neighborhood of W3 , 
say t: U + W^. Since W^(f 1 ) - W^(f ) , C 1 . as f ' - f, C r , we do know that 



W^f) appears to be a partial section of t. That is, t provides a C r ~^ 
embedding h fl : W^f ) + W^f) which converges to 1, C/" 1 , as f ■+ f, C r . We 
use h f) and the connector e to convert Tf'|w"(f') into a map over W u (f). 



T u M 
W"(f) 



Oh) 
T 



£ 
-1 



-T u M 
W u f 



M — — — ► T 



8h 



W U (f) 



This induces a bundle map 



W^(f) 



If 



h^,f 'h f ] 



W U (f) 



where V is the unit disc bundle in L, 



L = L(T ¥ W",N^) just as did Tf. (The 



is a C approximation to N defined near V.) In fact Lf is 



bundle N s 

C r ~\ near Lf by induction. Thus, by (3.5), the invariant sections converge C r ~^ 

The Lf -invariant section represents TW^(f') (over W^(f)) by uniqueness, as 

usual. Thus TW u (f ) ■+ TW u (f), C r ~\ i.e. W u (f) - W u (f ), C r , as f ■* f, c r . 

£ £ £ £ 

Likewise W . Except for laminations (see §5) this completes the proof of 4.1(f), 
permanence. 



Now let us consider an eventually r-normally hyperbolic diffeomorphism f. 
Let TyM = N u © TV © N s be a Tf-invariant splitting which displays it. Then f n 
is immediately r-normally hyperbolic for large n, and so we have W u (f n ), W s (f n ). 
As usual 



f"(fW U (f n )) = f(fV(f n )) D fW U (f") 



implies, by uniqueness of W u (f n ), that fW u (f n ) = W u (f n ) . Similarly W s , W uu , W ss , 
If f = f, C 1 , then f ,n ± f n , C 1 (n large but fixed), and so the V for f ,n ; 
serves for V. In this way all questions about f are solved by looking at f n . 

Similarly for flows. If a flow {f*} is eventually r-normally hyperbolic 
then f 3 is immediately r-normally hyperbolic for some a. By uniqueness, W u (f a ), 
etc. are locally f* invariant for all f*. 

Except for lamination (see §5) and linearization (see [41]) the rest of the 
results for flows follow from those for diffeomorphisms. 

Remark 1. If X is a C r vector field, r > 1, whose flow is r-normally 

hyperbolic at V, then Theorem 4.1 applies to perturbations of X. See [47,29]. 
r 1 

If X* is a C vector field, C near X, then X' has a unique invariant V 

near V. At V the X'-flow is r-normally hyperbolic. V is of class C r . As ; 

X' + X in the C r sense, V, W u \ W s ' + V, W u , W s in the C r sense. For the 

r r 
X'-flow converges to the X-flow in the C sense, r >^ 1 , whenever X* X, C . 

Remark 2. The same permanence proof works for a Lipschitz small perturbation 
i 

of a C normally hyperbolic f. It would not seem hard to state and prove a purely 
Lipschitz theorem along these lines (f and V would be just Lipschitz) using 
tangent cones instead of tangent planes. 

Remark 3. These techniques can be used to answer the following question of 
R. Thorn. If V is a compact manifold contained in the open set U CM, 
dim M > dim V, and if f : U -*■ V is a C r retraction 1 < r < » then V is of 
class C . (Up till now our results were for diffeomorphisms, so no f could be 
^-normally hyperbolic at V. Thorn's f is just the sort which can be ^-normally 

hyperbolic.) The case r = 1 is vacuous so assume the result for r-1 , i.e. 

r-1 r-1 

Ve C , r >^ 2. Consider the kernel of Tf which is a C bundle over V, 

r-1 

and TyM = TV © K. Clearly K is invariant. Let T be a C bundle over V 
closely approximating TV. Consider the bundle I whose fiber at pG V is 



I = L(f ,K ) . 
P P P 



Let Tf act on L in the natural way, say Lf: L ■+ L. This Lf is a C map 

r-1 

and has fiber contraction constant = 0. So by the C section theorem, Lf has 

r-1 r-1 

a unique invariant section, and it is of class C . Thus TV is C and V 

is C r . 



A more interesting feature of such an f is the existence of strong stable 
manifolds -- even though we cannot just blindly take f"^ and look at its strong 
unstable manifolds. See §5. 



§5. Pseudo Hyperbol icity and Plaque Families . In this section we generalize 
the notion of hyperbolic set appearing in [22] to permit singular and center beha- 
vior. Our proofs will be based on the C r section theorem and the methods of §4 
instead of on the Fiber Contraction theorem [22]. Then we go on to prove the lami- 
nation parts of (4.1). Finally, we show how the strong unstable manifold theory 
gives a different way to construct W u . In §5A, we prove some classical center 
manifold theorems, not used in the rest of the paper. 

Definition. A linear endomorphism of a Banach space T: E ■+ E is p-pseudo 
hyperbolic if its spectrum lies off the circle of radius p. 

Corresponding to this spectral decomposition is a T-invariant splitting of E, 
E.j © E 2 « The spectrum of T|E^ lies outside the radius p, while that of T|E 2 
lies inside. The map Tg = T | might not be an automorphism, but it carries Eg 
into Eg and carries nothing else into Eg. The map T | is an automorphism of 
£j. Renorming E we can assume m(T^) > p, IITgl! < p, |(x,y)| = max(|x|,|y|) for 
x € E^, ye Eg. See (2.8). 

Definition. If f is a smooth endomorphism of a manifold M and f | A is a 
homeomorphism A •+ A then A is p-pseudo hyperbolic for f if and only if the 
map Tf: T^M T^M induces a p-pseudo hyperbolic endomorphism on the space of 
bounded sections of T^M by f^: a Tf°a°(f|A)"\ 

By estimates similar to (2.2), this is equivalent to the existence of a Tf- 
invariant splitting T^M = E^ © Eg such that Tf is an automorphism of E^ , 
"expanding" it by more than the factor p, and Tf is an endomorphism of Eg 
having norm < p. 

The following theorem is the analogue of [22] for pseudo hyperbolic maps. 

(5.1) THEOREM. If T: E E is a p-pseudo hyperbolic endomorphism of a 

. r 

Banach space, E = E-j © Eg is the canonical splitting* f : E -*■ E is a C map, 
r > lj f(0) ~ 0, and L(f-T) <_ e is small, then the sets W v W«„ defined by 



W, - n f n S S = {(x,y) e E 1 x E ? : |x| > |y|} 

VL * nr n S s? - {(x,y) € E^E.: |y| >|xl> 

n>0 £ 1 c 

are graphs of C 1 maps ■+ E^ E-j - They are characterized by 

z E W-j there exist inverse -images f n z 

suc/i tfrat |f" n z|/p~ n as n + «> 
z € W 2 * |f n z|/p n as n -+ » . 

0" can be replaced by "stays bounded. " If HT" 1 P II T ^ II < 1,, 1 < j < r then W ] 
is C r and if BT^ II" 1 ITgl 3 < 1, 1 < j < r t?zen W 2 is C r . Tfce manifolds 
depend continuously on f in the C r sense. 

Remark, There are some cases in which we need not assume f globally defined 
and f(0) - 0. These cases in which W-j, W 2 are locally defined will be discussed 
in (5.4), (5,9), 



Proof of (5.1). Let Df = 



' A B 1 

£ K j respecting xE^, Since L(f-T) <_ e is 



small, ak < 1 and b, c < e where a = sup B A~ B , k = sup IK Z I, b = sup llB z il, 
c = sup IC I. 

We consider sections a: E, E such that a(0) = and 1(a) £ 1. The 
graph transform f^ is defined by f^o = f°a°g where g = (f^a) . Since 
^a: ■+ E^ and L^-f^a) < bL(a) + L(f-T) 2e, f^a: E^ ■+ E 1 is a Lipeomorphism 
and is well defined. When k > 1, is not a contraction of our space of 
sections respecting the usual sup metric. We must consider the new metric, 

lla-a'II* = sup l gx ," g | ' x l xeE,, 
x^O |X| 1 

On one hand, the metric li II* takes into account the Lipschitz constant of o-a' at 
0, while on the other, it cares less how a behaves at «». 



(5.2) SUB LEMMA . Under the metric II II* the space Z Q = ia€Z{E^ *E 2 ): 
llall*<«>} is a Banach space and EqO) = {cj^E: L(a)<_l} is a closed subset. 

Proof. If (o* n ) is a Cauchy sequence then clearly converges uniformly 
on any bounded subset, t o. For each x E E-j - and each n, choose 
m = m(x,n) >_ n such that |a x - ax | / 1 x | < 1/n. Then 



for m = m(x,n) and e = sup la -a IL. Thus la -alL ■+ and Z n is complete. 

n ms T m n x n * 

m>n 

If a n X o on a set S and L (cr n ) <_ 1 then L(a) £ 1 on S. Being true on all 
bounded S, is closed in £ Q . This proves (5.2). 

For any aG Iq(1 ) we defined f^a = fag, g = (f^a)"\ The same estimates as 
in §4 give 

i /x \ ^ otk + cot ^ ak + ea „ -, 
# — 1 - ab — 1 - ae — 

;Hence, for small e, f^ carries EqO) into itself. It is a contraction respect- 
ing II 8* since for a, a' € Eg(l) we have 

IVag(x)-f 2 oa'g'(x)| 
!f # a-f # a'B* = sup [ x | 



|f 2 °a°g(x) - f z °o°g'(x)| | f 2 =a°g 1 (x) - f 2 °a'°g'(x)| 

sup r-i + sup r-, 

xi*0 |X| x?0 |x| 



< L(f 2 a) sup I gWrf'W l + |f a - f-o' I, sup ifiOili 

< (k + elKgJIIf^ 1 -f^ll* sup 1 + T ^ F Hg-a'IU 
i (k + eK^blla-c'U^) + T^la-aMI, 

< [ e <k+ e >(T^) 2 + T^]ic-a-L 

and this factor is < 1 for e small. This gives a Lipschitz invariant section, 
a f . To check its differentiability, we consider Lipschitz jets. 

d i sc re te 

Let J be the bundle over whose fiber at x is 

J = {J a: a is a section E n -+ E, a(x) = oJx) , slope a < °°}. Let V be the unit disc 

XX I T X 

bundle in J. 

In §3 we showed that Jf: V -*■ £>, is well defined by 

x hx 



Jf(j) = J hx (V°°g) 



J x a = j 



Ifor h = ana "» using the same techniques, since Jf contracts fibers by the 

constant ka < 1 , o f is c' . If ka^ < 1, 1 < j < r, then the fiber contraction 
of f, ka, dominates the first r-1 powers of a and hence J x (°y) " Ojf 1S 
;C r "\ Thus a f € C r . Note that J was trivial, so it is justifiable to use (3.5). 
Triviality of J is implied by the fact that E-j is a vector space. 

As in (3.5) it is easy to see that o f depends continuously on f, because 


fp does in the C sense, and because a^, Oj^, can be found in the same bundle. 

If T is invertible, the pseudo stable manifold theory can be deduced from 
the pseudo unstable manifold theory as usual. But T may well have a kernel. We 
must proceed directly. 

Even though f"^ may not exist as a point valued map, it does exist as a set 
valued map. Moreover, the fact that z f z' implies f"^z n f"^z' = is nearly 
>as useful as injectivity of a point valued map. 

Let Iq be the Banach space of sections a: E 2 ^ w ^ tn a ^) = 0> anc * with 
ioi* = sup |a(y)-y|/|y| < «>. Let Z Q (1) = {a^l Q : L(a)<l}. We claim that f" 1 

defines a contraction f # : IqO) -> Z Q (1) by the relation 

-1 -1 

f" (image a) = image f^ a . 

For a(y) = (y,s(y)) and any y e E 2 , this is equivalent to finding an x, 
|x| < |y|, with f^x.y) - s(f 2 (x,y)) which in turn is equivalent to finding a 
fixed point of the transformation 

x * T'^sff^x.y)) - (f^Kx.y)) 

in {xgE^: |x|<_|y|}. But this transformation contracts {x£E: |x|<_|y|} into 
itself since 

|T^(s(f 2 (x,y)). (f r T 1 )(x.y))| < a[k|y| + c |x| + e| x| + e\y | ] 

< (ak + 3ae)|y| 

and 

|Ti 1 (s(f 2 (x , f y , ))-(f r T 1 )(x , 1 y)) - T' 1 (s(f 2 (x,y) ) - (f 1 -T ] ) (x,y)) | 
< a[c|x'-x| + e|x'-x|] <_ 2ae|x'-x| . 

Hence f'Ja is well defined. As a map E 7 ■+ E it has Lipschitz constant < 1 since 



f^x.y) = sTf 2 (x^^and f^x' ,y y T = sTf^fx' ,y r )) imply"" ----- ~; 

Ix-x't = iT^sff^x.yJJ-ffTT^Cx.y^-T-^sCf^x'.y'JJMfTT^tx'.y'))] 
< a[c|x-x'| +k|y-y'| +e|x-x*| +e|y-y'|] 

and hence (l-3ae)|x-x' | < (ak+e) |y-y ' | . So for e small |x-x'| < |y-y' | and 
L(f^a) < 1. 

Finally, we claim that contracts EqO) respecting the metric B 8*. If 

a, a' GE r yeE 2 -0, and (x,y) = (f^a)(y), (x 1 ,y) = (f^a')(y) then 

[ x , x .| |T^ 1 (s(f 2 (x a y))- (f r T 1 )(x,y)) « T^ 1 (s ' (f 2 (x' ,y) - (f^ )(x' ,y)) | 

^T = " ~~ |y| " 

|s{f 2 (x,y))-s , (f ? (x',y))| + e|x-x'| 
< a _ 

f 2 (x,y) s'(f ? (x,y)) -s'(f ? (x',y)) , ,, 
<a[«a.al^ + ^ 

< a(k + e)ila-a , |l* + (2ae)|x-x* |/|y| . 

and hence (l-2ae) |x-x' |/|y| £ a(k+e)Ha-a' II*. Taking the suprema over all y f 0, 
we get 



,-1 



showing that f^ contracts 1 ) when £ is small. Let a ^ be the fixed 

section. The f"^ -invariance of image(a ,) means that f"^(image(a ,)) = 

f " 1 f " 1 

image{a -,), even though f(image(a -,)) may be a proper subset of image(a -,). 
f - i f " f ■ 1 

We want to investigate the smoothness of a -, . Our estimates showed that the 

f" 

relation 

f"^ (image a) = image(f^a) 

defines f"^a if L(o) <_ 1 and image a c $ = {(x,y) : |x| <_ |y| } even when a was 
only locally defined. Moreover, the estimates show that L(f^ a) <_ 1 , The same 
estimation that proves f^ to be a contraction of £qO) under the metric tl II*, 
shows that 



iif y-j = f 2 (f^o(y)), f^°(y) = f^c'(y)» and a, a' are such local sections at 

discrete 

Now consider the bundle of jets over E 2 * % - , ^^ t j, whose fiber at y is 

J „ = { J „ a: a is 3 section E 9 -»*E, a(y) = a -.(y)}. If y - f^flMy)) and j e J v/ 
y y £ f- 1 t # y-i 

can be represented by a with L(a) £ 1 then 

Jf _1 (j) = OytfJ^) 

is well defined. Letting P be the unit disc subbundle of J, our remarks in the 
preceding paragraph show that Jf -1 contracts the fibers of P by approximately 
the factor ka. Moreover, Jf"^ preserves the complete subset P n since 
the Implicit Function Theorem determines f^a when a is c\ 

The assumption in (3.5) that the base homeomorphism h was point valued can 

be relaxed to: h is set valued, hy n hy' = if y f y 1 , h~^ : Y Y is Lipschit 

and obeys the usual restrictions k L (h~^) < t < 1 for any n € hy. In our case 
-1 -1 y n - 

h : E 9 ■+ E 9 by y fo(fj/ a (y) ) which has Lipschitz constant k. Hence there 

1 f cliff 

is a unique Jf" -invariant section of P, and its values lie in J . Reasoning 

with Lf" 1 as in §§3, 4 we see that o , is C 1 . If k^a < 1 for 1 < j < r 

-! f 

then the fiber contraction of Jf , approximately ka, dominates the first r-1 

r _ 1 r 

powers of k and hence J (a ->) = a , is C " , so a is C . 

x f - 1 Jf - 1 f - 

I t is easy to see that a n depends continuously on f the same way we did 

f" 

with a^. 

Let = image o^, G 2 = image c ^ . We want to show = 6^ , W 2 = G 2 . By 

their invariance it is clear that G-j cw^, G 2 c w^. We write a f (x) = (x s s^(x)), 

a Ay) = (s -,(y) s y). 
f 1 f 1 

For z, z' € E, we have the obvious inequalities 

(1) l^z-^z'i > {a" 1 -e)|x-x' | - e|z-z'| 

(2) |f 2 z-f 2 z'| < (k+ E )|y-y'| + e|z-z'| 



By (1) we have, for any z - (x,y) e E and z 1 = (x',y) = c _^y 



(3) > (cx'^eJIx-x* | -e|z-z'| - L{a |f 2 z' - f 2 z| 

> (o^-aeJIx-x'l = (a^-SeJIx-s ,y| . 

f" 1 

This means that fz can be no closer to G 2 in the E^-direction than (a -1 -3c) 
times its original distance to G 2 in the E-j-direction. Iteration yields: the 
distance of f n z to 6 2 in the E^-direction is at least (cf^-3e) n |x - s _^y\. 

Now suppose z e W 2 - G 2< Then f n z e S 2 for all n > 0, and so 

|f^z| > [f^z-s ^(f^z)| - |s _-,(f^z)| 
f f 

> (a^-SeJ^x-s iy | - |f!jz| . 

But |fgz| = |-f 2 (-f"" 1 2.f2" 1 z)| < (k+e) |f n " 1 z| since f n ' ] z € By iteration, 
|f 2 z| < (k+e) n |z| for z € w 2 . Hence 

|f"z| (a -1 -3ei) n |x - s _-jx| 
^zT" (k +£ ) n |z| 1 ' 

But (a"^-3e) n /(k+£) n ■+ °° as n ■+ «>, which contradicts the assumption f n z e S 2 
for all n > 0. Hence W 2 = G 2 . 

Similar to (3) we have 

(4) |y_ n -s f xj > (k+c)- n |y-s f x| 



if f n (z ) = z, z = (x n ,y ). This means that f" n drives z off by a 

2' 



factor (k+c)" n when distance is measured in the E -direction. 



Next suppose z e - . Then high inverse iterates of z can be found in 
S-| : for all n _> there exists f" n z = z„ n = (x_ n ,y_ n ) £ . Since z_ n e S^ , 

|x| - |f?(z_ n )| = l^tf^z.n.fS'^-n'l - ("-"'-e) l^V 1 (z_ n ) I > ••■ 1 { B - 1 -e) n |x_ n | 

so that 



By ~{2) and 14) we "have 



|y. n l v iy- n - 5 f x -nl-l s f x -nl . (^'"ly - y l , 

T%T- f^l T\^l 1 

- (k +e ) n ~N 

which tends to « as n ■* », contradicting the assumption that z e S, . Hence 

w i= G r 

Any z € Wj clearly satisfies the characterization: f" n z/p" n for some 
sequence of inverse iterates, namely those in . Similarly z e W 2 implies 
|f n z|/ P n **■ as n ^ oo. 

If z£E-W 2 then f n z e S 1 for some n > 0. For all m > n, f"z stays 
in S 1 and |f^z| > (ot" 1 -e) m " n | f | . Hence j-f^z j/p m ^ « aS m ■+ «,. 

If z G E - W ] then there exists n > such that f" n z c S2- The set f" n z 
is closed and does not contain 0, so s = inf{|y'|: (x* ,y 1 ) €f" n z} > 0. For any 
z'ef- n z , r m z'CS 2 and |f m z' |/p _m > (k+ej^s/p -1 " so that \r m z\/ 9 ' m + - 
uniformly as m ■+ °°. This completes the characterizations of W-j , W 2 - Q.E.D. 

(5.3) COROLLARY. If (Df) Q = T then W ] is tangent to Ey W 2 to E £ . 
Proof. Jf, Jf"^ leave the jet j = invariant at 0. Q.E.D. 

(5.4) (Strong Manifolds) COROLLARY. Suppose a < 1, f is defined in E(s), 

s > 0, f is 1 < r < « 3 f(0) = 0, and L(f-T) < e is smalt (as in (5.1)); 

n r 

then W, = n f s, is the graph of a C map E, (s) * E (s) and is locally unique 

1 n>0 1 

(see below). W-j £s characterised as in (5.1). Similarly for if k < 1, 

Proof. If a < 1 then the graph transform f^ is defined as before and sends 
= {a€E(E^(s),E 2 (s)): a(0) - and L(a)<_l} into itself contractively respecting 
the metric II II*. The fixed section is C r since ka J < 1 , 1 < j < r. This com- 
pletes the proof of (5.4). Q.E.D. 

Remark. If there were a way to extend f to all of E as a C r function 

near T, then we could deduce (5.4) from (5.1) instead of from its proof. For 

n f n S n n E(s) = n f n (S, HE(s)) where ct < 1 and f is such an extension of f. 
n>0 1 n>0 1 

Local uniqueness means that any other f-invariant manifold through is contained 



in Wj. For a < 1, characterization of W-j in (5.1) demonstrates its local 
uniqueness. Similar remarks hold when k < 1. 

To describe the strong stable manifolds we introduce some ideas more fully 

exploited in §§6, 6B, and [24]. M is a smooth Riemann manifold and A cm is 
compact. 

Definition. A C pre-lamination indexed by A is a continuous choice of a 
C r embedded disc through each p e A. 

Continuity means that A is covered by open sets U in which p h- £> p is 
given by 

Pp * cr(p)(D k ) 

r k r k 

where a: UOA Emb (D ,M) is a continuous section. The bundle Emb (D ,M) is a 

C fiber bundle over M, the projection being $ h- 3(0). Thus a(p)(0) = p, 

p e A. 

Definition, If in addition to continuity of p ^ P D> these sections a have 

S s 

C evaluations, (p,x) h- a(p)(x), then the pre-lamination is of class cr , 
1 ± s 1 r » and can legitimately be called a C S pre- foliation . 

Definition. A pre-lamination is self coherent if and only if the interiors of 
each pair of its discs £> p , P q meet in a relatively open subset of each. 

Definition. Two points p, q € M are forward p-asymptotic under a homeomor- 
phism f of M if and only if d(f n p,f n q) <_ Cp n for all n _> and some constant 
C. Similarly, for backward p-asymptotic , 

(5.5) THEOREM. If f is a C endomorphism of M with p-pseudo hyperbolic 
set ky T^M = E-| © then there are locally f '-invariant pre -laminations 

{W^pHpeA tan 9 ent t0 E i p at P* i = 1» 2. If p > 1 then ^(p)}^ is a 
self coherent C r pre-lamination and W-j (p) is characterized as those points 
locally backward p-asymptotic with p. If p £ 1 then {^(pjlp^ is a self 
coherent C r pre-lamination and Wgtp) is characterized as those points locally 
forward p-asymptotic with p. 

Proof. If: T^M T^M is a bundle endomorphism covering the homeomorphism 
h = f | A and E^ © E2 is the splitting of T^M. Lift f by the exponential map, to 
a map f sending a neighborhood of in T.M into T.M: 



Since it also covers h, the map f can be extended to all of T^M by using a 
smooth bump function on T.M and averaging f with Tf, We still call this map f: 



T.M f,Tf » T.M 

A A 



4- 



A - A . 

Observe that sup L((f-Tf)|T M) can be forced as small as desired by restricting f 
peA p 

to a smaller neighborhood of before averaging with Tf. If A is one point we 
have exactly the hypotheses of (5.1,3) so the theorem is proved then. 

For the general A there are two ways to proceed. The first is to reexamine 
the proof of (5.1) with the parameter p € A added. The space of sections to 
consider is 

Z Q (1) = {aez(E r E): a(0)=0, L(a|E lp ) < 1} 

where E = T^M is considered as a bundle over E^ by projecting each fiber E(p) 
onto E,(p) along E^p) . The metric on 1 is lla-c'H* = sup sup |ax -a'x|/|x| , 

where x€ E^(p). Exactly the same estimates as in (5.1) show that f induces a 
contraction of 2qO) under the metric II II*. The fixed section is o^. The 
closed subspace of sections a which depend continuously on p € A is carried into 
itself by f^ so depends continuously on p € A. Similarly, is on 
each E-|(p), its derivative depends continuously on p, and equals at p by 
(5.3,4). This gives an f-invariant family of plaques {W-jp}^ in T^M. Their 
exponential images, ^P^peA' are l° ca ^y f-invariant, , and their derivatives 
are continuous. Compactness of A and continuity of imply that -C W-| C p ) } p»^A. 
is precompact. Similarly for ^2^p£h* Local uniqueness, characterization, 
and higher differentiability of the "plaques" {W^p)}^ or {^(P^p^/v* are 9iven 
by the corresponding properties for f and hence by (5.4) when p >_ 1 or <_ 1 . 

By the characterization of W-j(p) as those points locally backward p-asymp- 
totic with p, (p > 1), it follows easily that {W-j(p)} is self coherent. 

If we adopt the more general definition of p-pseudo hyperbolic set that 

m(Tf|E lx ) > p x > ITf|E 2x l 



i(which might be called "immediate relative p-pseudo hyperbolicity") for some 
continuous function p on A, 
The one explained next does not. 



continuous function p on A, then this proof of (5.5) goes through with change, 



The second way to proceed is to consider the map f^ induced on the space of 
bounded sections s: A ■+ T^M, ?#( s ) " f°s°h -1 . The map f^ is seen to be a 
p-pseudo hyperbolic endomorphism of I b (T A M), Its pseudo unstable and stable mani- 
folds N-j, W 2 , give rise to {W^p}, {Wgp} as 

W.p = ev (0/.) = {sp: sew.} j = 1, 2 . 

The {W^p}, {Wgp} give rise to the {W^p}^, ^2^pEA ^ exponentiation, as 
above. This proof is similar to that in [22], Q.E.D. 

(5.6) COROLLARY. If f is a diffeomorphism of r-normally hyperbolic at 

V, T y M = N U $ TV © N S , and W S is the stable manifold of V, then W S has an 

ss s 
^-invariant fibration {W p: p^V} over V whose fibers are tangent to N at V 

r ss 

and form a self coherent C plaque family. Points of W p are characterized by 

Tim [d(f n y,f n p)/m(V f n )] = 0. If f is C r near f then the plaque family 
W s (f) is near W S (f). Similarly for {W UU p:p€V} fibering W U . 

Proof. f|W satisfies the hypotheses Theorem 5.5. The resulting locally 

f-invariant self coherent C r plaque family tangent to N s at V, {W ss p: peV}, 

is locally unique since k < 1. Two fibers W ss p, W ss q, cannot cross because of 

their characterizations and the fact the point q G V can be asymptotic with p no 

faster than m(V f ). By invariance of domain, the {W p: peV} fill out a neigh- 

s 

borhood of V in W . Continuous dependence is easy to verify. Q.E.D. 



U LI S S 

When V was normally hyperbolic, the plaque families {W (p)}^,* {W (p)}^/ 

us e P tv £ P fcV 

existed by (5.4) without previously constructing W , W , Thus, we could construct 

1 1 MM ^* ^ H 

W by setting it equal to UW (p). Smoothness of W and permanence under per- 
e pEV z e 

turbations then become a problem. However, we can show directly 

(5.7) PROPOSITION. tf U = U W UU (p) is a Lipschitz submanifold. 

£ p6V E 

Proof. Let X be a manifold through V nearly tangent at V to 

N u © TV. Let E be a subbundle of T Y M whose exponential image gives a tubu- 

s 

lar neighborhood of X in M and whose fibers at V are nearly equal to N . We 
can assume E is trivial without loss of generality. We claim wjj is the image of 
a Lipschitz section of E. Since the fibers W uu are tangent to N u at V it is 
easy to see that it: E -*- X projects w u onto a neighborhood of V in X, Suppose 



that there exist points 



z € W^ u (p) 



Z* € W^(p') 



whose vertical distance apart in E (we are using triviality of E to speak of 
this, since z, z f are in different fibers) is >_ their horizontal distance apart -- 
i.e. z = (x,y), z 1 = (x,y')» 

|y-y'| > d Y (x.x') 



and that this happens for z, z l very close together and e very small. Apply 
f" n to these points and observe that the horizontal distance apart cannot expand as 



fast as the vertical distance must expand (by normal hyperbol icity) . Likewise f" n z, 
f" n z must lie very near V and f" n p» f~ n p' must not be very far apart. See the 
figure below. 

|y-y' | > |x-x* | 




I y-y' I 



W uu p w uu', 




This is incompatible with the {w" u (p)l being uniformly tangent to N u at V. 



Since such z, z' cannot occur, fi u is the image of a Lipschitz section of 
E near V. Q.E.D. 



Once W u is known to be Lipschitz the C section theorem easily proves it 

to be C . Note, The defeat of this construction is that it doesn't naturally pro- 
vide a W U for a perturbation of f. 



§5A. Center Manifolds . Here we show how some theorems on center manifolds 
follow from our methods. Note that our theory of smoothness is easier than the 
classical one [20,28]. 

Suppose that the spectrum of T: E ■+ E is contained in u A 2 where 

A 1 = {zGC: |z| >!} A 2 = {ze<D: |z|<a} a < 1 . 



Let E-j ® Eg be the corresponding T-invariant splitting. This is the limiting case 
of p-pseudo hyperbolicity as p ■+ 1 from below. As in §5, let 
S ] = {(x,y) e (E^Eg): |x| >|y|}. 

(5A.1) THEOREM. If f : E ■+ E is C r , 1 < r < ~, f(0) = and L(f-T) < e 
f n . r 

is small then W-, = H f S, is the graph of a C function E 1 ->• E«. 

1 n>0 1 1 ■ 1 

Proof. For any p» a < p < 1, T is p-pseudo hyperbolic with the same 
splitting. We can choose norms on E^ E 2 so that n^HT^II 4 ' < 1, < j < r 
because r is fixed. (The higher r is, the more this requirement may distort the 
norms.) We can require e so small that ka J < 1 , < j <^ r where 
k = sup U 3f 2 /3y II » a = sup i (af-j/3x)"^ II as usual. Then the same remarks as in the 
proof of (5.6) apply. Q.E.D. 

The manifold W^ is called the center unstable manifold* W cu . Although 
globally unique and characterized by (5.1) it is not locally unique without further 
assumptions [28], 

Definition. A map f : X + X is Lyapunov unstable at a fixed point € X if 
and only if for every neighborhood U of there exists another neighborhood 
V C U of such that f n (X-U) n V = 0, for all n > 0. 

This means that points off U cannot penetrate into V under forward iterates 
of f, or to put it the other way, points of V cannot escape U under inverse 
iterates of f. If is a uniformly repellant fixed point then it is Lyapunov 
unstable. 

Definition. A map f : X X is Lyapunov stable at the fixed point if and 
only if for every neighborhood U of there exists another neighborhood V c U 
of such that f n V c U for all n > 0. 

This means points of V cannot escape U under forward iterates of f. 

(5A.2) LEMMA. Lyapunov stability or instability at is equivalent to the 

-1 

existence of arbitrarily small neighborhoods of invariant under f or f 
respectively: f0 C 3 C 0. 

Proof, If such exists f is obviously Lyapunov stable or unstable at 0. 

If f is Lyapunov unstable at then - U f" n V c u, where U and V are as 

n>0 

in the definition, obviously suffice. Similarly for Lyapunov stability. Q.E.D. 



^. _ _ _____ — ___ _ — - — Ml — _—__.___. — , , — .. . __. m 1 — vTtj ~™ — 1 

(5A.3) THEOREM, If E = R , T is an isomorphism of F , and f|W is \ 

'Lyapunov unstable at 0, then W is locally unique in the sense that if W is an 

-1 CU 

f" invariant set containing and lying in S-j near 0, t«en W C W near 0; 

tfcai is, for some S > 0/ E(s) n W C W CU . 

Remark 1. A paraphrase of (5A.3) is: locally f-invariant sets in are 
in W cu . 

Remark 2. It is not necessary to assume that T is an isomorphism, When T 

has a kernel the proof involves a generalization of (5,6) to the case of normal 

pseudo hyperbol icity wherein N s f can have a kernel. To avoid trivial counter- 

cu "1 

examples the uniqueness assertion must be changed to: W c W for any f 
invariant set W such that W n E- (s) c$., 

Remark 3. A counterexample to certain generalizations is given by a map f 
locally of the form f(x,y) = (x-ey,ky) where < k < 1 and e is small. 
f|W cu = f(x,0) = (x,0) so Lyapunov instability occurs. There are smooth f" 
invariant arcs y which contain and lie in near 0. They are only locally 
contained in W cu . The degree of locality involved is dependent on -y. See the 
figure below. 
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Remark 4. The manifold W is maximal among f" -invariant manifolds lying 
in S-|, but this is a global property already evident in (5.1). The assumption of 
Lyapunov instability in (5A.3) forces this global phenomenon to occur locally. 

Proof of (5A.3). It is easily seen that f is uniformly normally hyperbolic 

at W cu , and so by (5.6) there is an f-invariant fibration of a neighborhood U of 

W cu in R m , {W ss p} . Let W bean f^-invariant set with 0ewnE(s)cs,, 

p€W cu 

Choose s smaller if necessary to get E(s) C U. Let be a neighborhood of 

in W cu such that f' n c for all n > 0. Choose so small that if z ^ E(s) 

then f z ^ W ss pns i for any p e 0. Such an exists by (5A.2). The set 

{W ss p: p€0} is a neighborhood of in R m and we claim that its intersection 

cu 

with W lies in W . This will prove the theorem. 



r For any z 'W\l p, p~e~0, and~T"€ FW the invers^ iterates "~f^ 1 z™are"~fdrcedr| 
away from W cu by a factor (k+e)" n and the fibration {W ss p} is f" n invariant.! 
The base point of the fiber in which f" n z lies, f~ n p, cannot escape 0. So some 
f~ n z first fails to lie in S ] , but it does lie in W ss (f~ n p) n E(s) j 
by our small choice of 0. Hence W n E(s) £ , contradicting our 

assumption on W. Q.E.D. I 

For the center stable manifold there is a corresponding theorem if T is an 

-1 c 
isomorphism, by consideration of f . The center manifold W is the transverse 

intersection of the center unstable and center stable manifolds. Thus, it exists 
and is of class C r . Although W c is not unique, Takens showed that f|W c is con- 
jugate to f |W C for any two center manifolds W c , W c [49]. 

Even if T has a kernel, we can proceed as follows. The center stable mani- 

— n r 
fold n if S« is the graph of a C map E 9 E-. by the same reasoning as 

/ \ m 

(5A.1). When E = R the spectrum of T is finite and so its nonzero part can be 
separated from by a circle, say of radius p. This means that there is a 
T-invariant splitting E Q @E such that kernel(T) = E Q , T | E is an automorphism 
of I. Corresponding to this splitting is a C 1 manifold W = n f n S where 
S = {(x ,y): x Q €E, y€E, |x Q | <|y|} by (5.1). Let W = W cs nfj?- Then f|W is a 
diffeomorphism of W onto itself and f is normally pseudo hyperbolic to W. (The 
normal derivative to W at is zero in the Eq direction and a sharp expansion 

in the E 1 direction.) By the generalization of (5.6) spoken of in Remark 2 

-1 
(5A.3), W has pseudo stable and pseudo unstable f" -invariant manifolds W and 

W u . Each has an f -1 -invariant fibration, {W 00 p: p€W}, {Vi uu p: Pew} respec- 
tively. By techniques similar to those of [41] we can extend the fibration {W uu } 
to cover an entire neighborhood of w in an f~^ -invariant fashion. Then the same 
proof as (5A.3) shows that W is locally unique in case f|W is Lyapunov 
stable. 



§6. Noncompactness and Uniformity . In this section we permit V, the 
f-invariant manifold to be noncompact. We have in mind V = a leaf of an f-invariant 
foliation. Our intention is to construct W U V, W S V in a way which works not only 
for f but also for f near f, as in §4. This will yield an f'-invariant V 
near V. General, simple assumptions about f do not seem to prevent W U V, W S V, 
and V from having self intersections, even though V does not. Therefore it 
seems reasonable to let V be an "immersed leaf" in the first place. 



Definition. A C immersion of one manifold into another, r >_ 1 , h: N M, 

t 

bundle of T r M over h(N) . 



r r 

is uniformly r-self tangent if and only if T h(T N) extends to a continuous sub- 



In particular, this means that self-intersections, h(x) - h(x'), are r-th 
order tangent, T^h(T^N) = t£,(t£,N). 

Definition. A C leaf immersion is a uniformly r-sel f- tangent immersion, 
h: N -*■ M, such that h(N) is compact, h(N) is disjoint from 3M, and N is 
complete respecting the pull-back of a Finsler on M. A leaf immersion is boundary- 
less if 3N = 0. 

A Finsler on M is a norm on each tangent space T p M depending continuously 
on p € M. Its pull-back to N is H = | Th( * ) | for x e N, p=h(x). Since 
h(N) is compact, completeness of N is independent of which Finsler we put on M. 
Likewise, it is no loss of generality to assume M is compact. 

Standing Hypothesis on M and V. M is a C°°, boundaryless , Riemann mani- 
fold, V is a C°° manifold, and i: V M is a boundaryless leaf immersion. We 
shall refer to the extended tangent bundle Ti (TV) as T. Thus, T is a continuous 
v-plane subbundle of T . 

Let us remark right away that our interest in V = a leaf of a foliation 
prohibits us from considering a Whitney topology to handle the noncompactness of V, 
We must rely on topologies compatible with those of M. 

Example 1. V is compact and i is an embedding. This is what we considered 
in §§1-4. 

2 2 2 

Example 2. V=1R, M = T =R/Z and i: V -*■ M is the isometric immersion 

1 nr 

onto the line of slope -Av5-\) through 0. Thus i(V) is dense in M and is 
invariant by the linear Anosov diffeomorphism ^ J, See [5]. Since Ti(TV) 1 
constant, it extends continuously to i (V) = T 2 . 



s 



2 

Example 2'. V = uncountably many copies of IR and i: V -»- M = T is the iso- 

1 r- 

metric immersion onto all the lines of slope ^(/5-l). In the same vein V could 
be the nonseparable 1-manifold of all orbits of an Anosov flow. 



Example 3. V = E, M = S and f is the time one map of the flow pictured 
in the figure below. 



Then i is to be an isometric immersion of 1R onto the orbit through x. Although 

the tangent bundle Ti(TV) is continuous it is not uniformly continuous, and so 
2 

i : K ■+ S is not a leaf immersion. 

Example 4. If F is a C r foliation of M, then the inclusion of any of 
its leaves is a C r leaf immersion. 

Example 5. Even if i is a C°° leaf immersion, T = Ti (TV J need not be a 
1 1 2 1 

C subbundle. For instance take i: S F where i(S ) is a figure 8 with 
infinite order tangency at the self intersection, f cannot be because this 
would deny unique foliations to fields. 

Definition. A C r diffeomorphism f : M •* M is r-normally hyperbolic to a 
leaf immersion i: V M if and only if 

(1) f(iV) = iV 

(2) f pulls back to a diffeomorphism i*f of V so that the diagram 



i*f 



M 



commutes. 

(3) There are a Finsler on TM and a Tf-invariant splitting 
TjyM = N u efeN s where t = Ti (TV) such that 

m(N^f) > lif p fil k iN^fll < m(T p f) k 

for all p e TV, < k < r. We call such a Finsler adapted to f at i. 

If i is a 1-1 immersion then (2) is automatic, otherwise not as is shown by the 

1 2 

leaf immersion i: S -*- ft in the figure below. 




If f: F is not nomotopic to the identity on i(S ) then f does not pull 

back to a diffeomorphism of S . 



Question. If i is a leaf immersion and f is a diffeomorphism of M with 
f(iV) = iV can i be replaced by i' such. that f pulls back via i' to V? 

Let i: V M be a C r boundaryless leaf immersion at which f is normally 
hyperbolic. Let us call i(V) = A, a compact f-invariant set. Eventually, in §6B, 
we shall show that A has a "branched lamination" -- i(V) being one of the 
branched laminae. 

Let ti be a C°° subbundle of T^M such that T©ri = T^M. This defines a C r 
bundle over V, i*n» the formal normal bundle of i: 



4* 



proj. 



proj. 



-> iV 



On each fiber i* is an isomorphism. As we shall see, there is an e > such 
that i*f extends uniquely to i*ri(e). 



i*n(e) — — ► i*n 



expoi^ 



expoi^ 



M 



+ M 



The dashed map i*f is the representation of f in the tubular neighborhood of i 
(By i*n( G ) we mean the i* pull-back of the e-disc bundle n(c).) 

Since Tf is r-hyperbolic over T at A we have 



T.M = N u B T © N s f 



a Tf-invariant splitting with the usual properties. Since we want n to be smooth, 



: we can't force n to equal N = N^SN*, but it can be as close as we choose. In 
any case T(i*f) leaves i*N u & i*T & i*N s invariant at V and is, under the 
pull-back metric, r-hyperbolic over i*T = TV = the tangent bundle to the zero 
section of i*n. (Note that, as for any vector bundle, Tp(i*n) = T^V B (i*n) p for 
any p in the base V. ) 

Now we are ready to state our generalization of (4.1). 

(6.1) THEOREM. Let f be a r > 1, diffeomorphism of M which is 

r °° 
r-normally hyperbolic at the C boundary less leaf immersion i. Let r\ be a C 

subbundle of T^M complementary to T where A = i ( V),, T = Ti (TV). If e > is 

small enough then i*f|i*ri(e) exists and has properties (a)-(h) of Theorem 4.1: 

u s 

Existence: Through V in i*ri(e) there exists manifolds W 3 W with 
(i*f)W U CW U 3 i*f(W S ) CW S , 3W U and 8W S C i*3 n (eh and 
T V (W U ) = i*N u e TV 3 T V (W S ) = TV & i*N s . 

us 

(b) Uniqueness : Any locally invariant set near V lies in W U W . 

(o) Characterization : W consists of all points whose forward 1*f '-orbits 

never stray far from V and W U of those whose reverse i*f-orbits never 

stray far from V. 

(d) Smoothness : W ^ W are C and exp°i*|W ^ exp°i*|W are C leaf 
immersions . 

(e) Lamination : W U and W S are invariantly fibered by C r discs Wq U , Wq S j 

q G Vj tangent at V to ^*Nqj n "*^q respectively. Points of W^ s ore 

characterized by sharp forward asymptoticity j those of WjJ U £>y sharp 

uu . 

reverse asymptoticity. The expoi^, images of the W fibers are 

ss 

coherent -in and also those of the W fibers. Coherence means that 

the interiors of fibers intersect in relatively open subsets. 

r r 

(f) Permanence : If f is a C diffeomorphism of M which is C near 

tfterc f 1 £s r-normally hyperbolic at an essentially unique leaf immer- 
sion i 1 : V -*■ M and assertions (a)~(e) continue to hold for (f 1 ,i 1 ). 
See (6.8) for a more detailed statement of this. 

(g) Linearization : Near V., i*f is topologically conjugate to 
N*f = i*(Tf |N U ®N S ). 

(h) Flows : Similarly for a flow r-normally hyperbolic at a leaf immersion. 

Remark. If i is only of class but f is r-normally hyperbolic at i, 
r >_ 2, then i can be replaced by a C r leaf immersion i: V -+ M of the form 
i = i»h where h is a diffeomorphism V V near the identity. The immersed 
manifolds W . W , W , W for i and i are the same. See §6A. 



Outline of the vest of %6: In (6.2) we prove that plaques exist. In (6.3,4) 

r r ™ 1 

we explain how C theory reduces to C theory (in the same category) via 

Grassmannians. In (6.5) we prove a Section Theorem, over leaf immersions. In 

(6.6) we force higher differentiability of a leaf immersion (in the normally con- 

tracting case). In (6.7) we prove an abstract C Section Theorem. Then we prove 

(6.1). In (6.8) we spell out (6. If). 

To prove (6.1) we found it necessary to work with immersions more general than 
leaf immersions. Their local structure is given by plaques and we call them 

plaquated immersions. 

Definition. A C r plaque in a manifold W w is a C r embedding of the closed 
unit w-ball into W, p: B w W w . If w: W ■+ M is a C r immersion then we say a 
family of plaques {p} = P plaquates w if 

(1) W = U p(Int B w ) 

P 

r w 

(2) {w°p} _ p is precompact in Emb (B ,M) 

W\ W\ 

By abuse of language, we refer equally to p, wop, p(B ), and w*>p(B ) as 
plaques. The center of p is p(0). 

r r 
(6.2) C PLAQUATION THEOREM, Each boundaryless C leaf immersion i : V ■+ M 

has a C plaquation. Each point of V is the center of at least one plaque. 

Proof. Let T be the extended 1 -tangent bundle of i. At each xG V there 
is a v = v(x) > so small that the branch of iV through ix = p contains the 
disc 

exp p (graph g x ) 

where g : T (v) T-^ is some C r function with g (0) - 0, (Dg ) n = 0, and 

X P P A A U 

sup B (Dg ) I! _< 1. (We are merely saying that each branch of iV is locally flat. 
|v|<v x v 

By T (v) we mean the vectors in T p of length < v and by the orthogonal 

complement to T in T M.) Let us call such a v acceptable for x. Note that 
P P 

g is uniquely determined by i, x, v. 

X 

The main thing to show is that a uniform acceptable v > can be found for 
all x e V. Let v Q > be small enough so that exp|T p M(v ) is injective for all 
p e TV. Let 

v(x) = sup{v<v n : v is acceptable for x} . 



Suppose v(x n ) ■+ for some sequence {x n > in V. Call 

ix - p g = q v(x ) = v . 

n r n 3 x n 3 n v n' n 

'Since iV is compact, we may assume p ■+ peTV. We know that f -*■ t . 

n P n P 

Consider the x n ~branch of iV through p o> say £ . It uniquely determines 

V T p ( V * T p ■ v n < V such that 
n n 

exp p (graph g n ) c & r l(Dg n ) v l < 1 for |v| < v p . 

g„ extends to a unique C function g on T (v + e ) such that 
n ^ ^ ^n p n n n 

exp„ (graph g ) c $ . For 3V = and V is complete respecting the pull-back 

Pn n _ n 

Finsler. Thus, -»■ means 

l(Dg n ) 1 = 1 for some v n eT (v ) . 
n "n 

But this signifies that T D and T are far apart for q = exp (v +g (v )), 

q n p _ n n n 

contradicting continuity of T. 

Having found a uniform acceptable v > for all the x e V, we pick the 
natural plaques given by the functions g . For each x € V, choose a conformal 
isomorphism S : K w ■> T. sending B w to t. (v). Define p by commutativity 

X • X IX X 

of 

T 1x (v) T ix M 



p x 



exp 



+ M 



r / w 

We claim {iop } is precompact in Emb (B ,M). 

A 

Let {x n > be any sequence in W. It suffices to find a C r -convergent subse- 
quence of p . Let g represent the plaque p as before. We may assume 
x n x 

P n = ix n ■+ p by compactness of iV. 

T r is uniformly continuous on iV since TV is compact. exp(graph g n ) C iV, 

Thus, the r-tangent direction to graph g n is a uniformly equicontinuous function 

of vet (v), i.e. 
H n 



i 

i 



Unfortunately the g fi are defined on domains which depend on n, namely Tp (v), 
so we can't apply Arzela's Theorem immediately. However, we can choose a n 
"connector" (see [22]) to translate f to T and T- 1 - to T- 1 - . Call it e . 
Then n n 

e _1 og o0 If 
n 3 n n f p 

is a sequence of maps from t p (v) to T-f- which is uniformly C r equicontinuous. 

r 

By Arzela's Theorem, it has C -convergent subsequence. The corresponding subse- 
quence of plaques C r converges in Emb r (B w ,M). Q.E.D. 

To pursue C r questions geometrically, r >_ 2, we discuss Grassmannians. We 
view Grassmannianism as compactif ication of the tangent functor. 

The Grassmann space GV of subspaces of a vector space V is a compact smooth 
manifold. It has one component G V for each dimension k, £ k <_ dim V. Linear 
maps on vector spaces induce smooth maps on their Grassmannians functorially -~ 
injections induce embeddings, isomorphisms induce diffeomorphisms: 

V l V 2 GV T GV 2 

When £ is a smooth vector bundle over M, Gc is the bundle over M whose 

fiber at p is G(c ). Note that Ge has compact fibers and is as smooth as e, 

P i/ 
When c - TM we abuse the notation and write GM - G(TM), Thus, G p M = k-planes 

in T M. 

P 

A diffeomorphism f : M ■+ M induces a bundle isomorphism Tf : TM TM which 
induces a Grassmann diffeomorphism Gf: GM -»- GM; both Tf and Gf cover f. 

r-th order properties of f are reflected in (r-l)-st order properties of Tf, 
obviously. We lose little where passing from Tf to Gf and we gain compactness. 
This is the usefulness of G. 



The following two propositions give natural reformulations of r-normal hyper- 
bol icity in terms of Grassmannians, r >_ 2. We are grateful to Ethan Akin for point- 
ing out some errors in previous versions. 

(6.3) PROPOSITION. Let u): W ■+ M be a C plaquated immersion having pla- 
quation P = {p}. If W n is a vt-submanifold of W contained in U p(O),, W is 



a C leaf immersion, and if 
{leaf immersion, r >_ 2. 



Gu) is a C* ' leaf immersion then w>|W n is a C 



r 1 
Remark. In particular, if i : V M is a C plaquated boundaryless C leaf 

immersion then i is a C r leaf immersion provided Gi is a C r ~^ leaf immersion. 

-r-1 

Proof, Let x be the extended (r-1 )-tangent bundle of Gw and let f be 

the extended 1-tangent bundle of uJq. Let 8 be the closure of {w>op: pep} in 
£mb r (B w ,M). 



For any p e wW Q and any plaque 3 e B centered at p, set 

t p = t p (6) • 

On any branch of uMg, T r is well defined and is its r-tangent bundle. It 
remains to prove ?!* is well defined on aW n and is continuous. 



Continuity is easy, modulo well definedness. Let p p in «AJ n and suppose 
r r n u 

T ($ n ) T D (3) where 3 p and 3 are plaques in B centered at p and p. We 
n 

may suppose 3 ■+ 3 in Emb by compactness of B, i.e., T r 3 T r 3 T r 3 con- 

n *r P n n P P 

tradicting the definition of T . 

P 

To explain intrinsically how T r ~^ specifies f r one needs connections on 
T(GM) S an exponential on T(GM), etc. It is easier to work in a chart. 

Fix any p e wW Q . Choose the M-exponential chart at p and write points in 
it relative to the product T M = T (v)xT-Hv). Let 6 be a plaque of B centered 

r r r v* 

at p and let p € p have u)°p„ 3 in Emb . Near p, wop and 3 are given 
n n n 

as graphs of maps 

v T P (v) ~+ t p (v) g: V v) t p (v) 

respectively. Suppose we have a second plaque 3' e B centered at p and a 
sequence p^ € P with wop^ -+ 3'. 

Consider G(wp ) and G(wp'). They are plaques in G(wjW) C GM. Since 
«>P n ■+ 3, we have G(wp n ) + G3 in Emb " (B ,GM) . Similarly G(top^) ■+ G3' . Conse- 
quently, G3 and G3 1 are (r-l)-order tangent at their common center P . (We 
denote T p by P p when we think of it as a point in GM, by T p when we think of 
it as a subvectorspace of T M.) 



The "standard T** ~chart~for G p M at P pf using the pa1r"~T rTj^ 1S given - 5y 

«V L^p'^ — G p M 

h i — graph(h) . 

The product chart exp p x gr p gives us a bundlechart of GM over a neighborhood of 
p in M. 

Let H, n- 1 - be planes in this chart which are 

n = T x x p = OxT^xP . 

P P P p 

Now G3» as a submanifold of GM which passes through (0,0, P ) in the chart, 
is the graph of a map 

b: n — *■ H^-x neighborhood of in L(T p ,T£) . 
See the figure below. 



«-(T p .T-) 



IP" 



-r graph(b) 



Similarly G3' is the graph of b ! . For v e n ++ t p 

b(v) = {g(v), the tanqent plane to 3 at (v,gv) expressed in the gr p -chart} , 

-r-1 

But this is just (Dg) y . Since t is tangent to both G& and GB' at P , 
'|b(v)-b , (v)|/|v| r " 1 as v 0. Hence 

fl(Dg) -(Dg'Ll 

i — y as v 

|v| r - ] 

which implies (D k g) Q = (D k g') > < k < r. Hence t r is well defined. Q.E.D. 

(6.4) PROPOSITION. If 1: V M is a C r leaf immersion perhaps with boun- 

r-1 

dary at which f is T-normally hyperbolic, r :> Z 3 then Gi is a C leaf 
immersion at which Gf is (r-1) -normally hyperbolic. 

Remark. Note the abuse of notation in that Gi: V + GM is the map 
:x *-»■ T x = Ti(T x V) while Gf: GM GM is the Tf-induced map on GM. 

Proof. Clearly Gi is a C 1 "" 1 immersion, Gi is uniformly (r-l)-self tan- 
gent, and V is complete respecting a Finsler on GM. To show that Gf is (r-1)- 
normally hyperbolic at Gi we must produce the appropriate T(Gf )-invariant split- 
ting of T^yyfGM). 

For each p e A, G p M contains two smooth manifolds, G u , G*, consisting of 

_ _ c P P 

all v-planes lying in N u 9 T , T p © Np. They meet transversally at the point 
Pp = T p G G p M and they are Gf-invariant. (Note that dim G^ + dim G* = vu + vs 
= v(u + s + v-v) = dim(Grassmannian of v-planes inIR m ).) Again we use P p to empha- 
size when we think of T as a point in GM. 

P 

Since GM is a fiber bundle over M, its tangent bundle contains a canonical 
subbundle of "vertical" vectors tangent to the GM-fibers. There is a natural 
T(Gf )-invariant splitting 

Vert| = Vert u © Vert s 
where Vert" = Tp G" and Vert* - TpJ5 s . We shall extend this splitting "into the 

PPP P PP c r j 

horizontal direction", but first we give Vert u , Vert Finslers. At P there is 

u 

the standard smooth chart for G 

P 



gr : L(T ,N U ) — * G u 
p p p p 



g , — y graph(g) 



gr p (0) - T p . 



and on L(Tp,Np) there is the norm coming from the adapted Finsler on TM. 

norm on Vertjj which makes 
P 

V9 r p> : L(T p ^) T p (G^) 



Put the 



an isometry. In the chart gr , Gf acts as 

9 N^fogojfpf)" 1 



and consequently 



m(T(Gf)|Vertp > m(NjJf) m^pf)" 1 ) 
= ^{N^fJlTpfir 1 . 



Similarly we give Vert a Finsler such that 



HT(Gf)|VertjMl < 8N*flim(f f)" 1 



Now for the horizontal direction. Choose any subbundles H , H of X=(GM) 

• * * u s 

projecting isomorphical ly onto N , N by Ttt 



GM 

7T 



T(GH) 

Ttt 



Ttt 



Ttt 



M 



TM 



N U 



N S 



Via Ttt, pull the Finslers of N u , N s up to H u , H s . On H u ®H s ®Vert put the 
sum Finsler. Since Gf is a fiber map, the bundle H u ®Vert is T(Gf )-invariant. 
Thus we have the diagram 

— i- Vert s — ► H u evert — ► H u ® Vert/Vert s — ► 
vert s (s) 

— ► Vert s — ► H u eVert — > H u eVert/Vert s — ► 



T(Gf) 



F U (f) 



where Vert s (f) and F u (f) are T(Gf) -induced. 



The factor bundle H u ® Vert/Vert s is naturally isomorphic to H u ®Vert u and 
the factor map F u (f) takes the form 



C 



Vert"f 



P J 



C being the shear term. We are free to choose a convenient Finsler | |* on 



H u ®Vert u . Put 



|h + vL * IM + e|v 



where e > is small, h G Hp, v e Vertp, an( * tne norms | | are the ones 
already considered: |h| = | Ttt { h ) j in T M, |v| = the gr -induced norm on Vert u . 

M It P P P 

In this Finsler C: H Vert appears to be very small since 

|C(h)| # = e|Ch| < e|C||h| - elCI|h|* 
shows that ICI* <_ ellCll. Thus, we assure 

™(Fp(f)) > min(m(N|Jf),m(Vert|Jf)) 

> min(m(N^f),m(N"f)||T fll" 1 ) 

r r r 

> 1 > Vertpf . 

s u 
Hence by (2.18) Vert has a unique T(Gf )-invariant complement in H SVert. Call 

it E u . Under T{Gf), E u is expanded and Vert s is contracted. Invariance of 

E u , Vert 5 , and Vert u implies E u D Vert u . Similarly we find E s . 

r-1 

Finally, since Gi is a C leaf immersion and r-1 _> 1 , Gi has an 
extended tangent bundle t; t projects onto T under Tit. On t put the pull 
back Finsler. Thus 



t gTTV7 (gm) = eU ® * e E ' 

is a T(Gf)-invariant splitting and 



T(Gf)|E U = 



r N U f 



Vert u f 



respecting some choice of H u , this time in E u , projecting onto N u . Again, we 
can rechoose the norm to make C small. Thus 

m(T T (Gf)|E u ) > min(m(N"f),m(N"f)ll? ff 1 ) 
p P P P 

(Gf)|xi = HT p fi 

m(N u f) > 1IT fll k < k < r-1 (in fact < r) 
p p — — — 

ra(N"f)lT fl" 1 > BT f| k < k < r-1 
P P P - - 

This says T(Gf) expands E u (r-l)-more sharply than it does t; similarly for 
E s , and so Gf is (r-1 }-normally hyperbolic at Gi. Q.E.D. 

Now we turn to the question of generalizing the C r Section Theorem, (3.5), to 
the noncompact case. We present two theorems in this direction, (6.5) and (6.7), 
but we were unable to prove a theorem uniting them (without using 6.1 itself) « in 
particular we were unable to prove (6.5) directly for r >_ 2. 

Definition of an r- fiber contraction. Let tt: E W be a C r Banach bundle 
and let E, TW have Finslers. Let D be a disc subbundle of E of finite radius 
and let f be a C r fiber map 

E « + 

W = W + 



D 



* W 



where h overflows W Q ; and E Q , Dq are E, D restricted to Wq. Then f is 

an r- fiber contraction if and only if 



sup k(p) < 1 and sup k(p)a(p) < 1 
W W 



where k(p) = Lip(f|D p ), a(p) = m(T h). 

(6.5) SECTION THEOREM, Let f be a C 1 fiber map E -*■ E where E is a 
Finslered vector bundle over M. Let w: W M be a c"' leaf immersion and 
assume f pulls back to a 1- fiber contraction of W*Z. 



w*D n *■ to*D 



D = a disc subbundle of E 



W, 



ur*h 



W 



TTzen there exists a unique f -invariant section oy: Aq ■+ E(v), Aq = wfW^T, and 
0^ pulls back to the unique wJ*f -invariant section cr w *^ : Wq 
r and W^oct. ^jt is a leaf immersion. 



Vf 



L 



to*D 



■+ D 



to 



M 



to 



J 



Remarks. The last sentence is the only surprising part of (6.5), We use the 
pull-back Finslers on io*E and TW. 



Proof of (6.5). f and w*f are continuous, uniform fiber contractions of 
bounded Banach disc bundles which cover overflowing base homeomorphisms. By (3.1) 
they have unique invariant sections, oy: Aq Dq, ° v0 *f : w q w * D o* wnere 
Dp = D | Aq and Aq = w(Wq) . The forward image of gives a set-valued 

f-invariant section of Dq 

p i-* {w*a^ f (x) : to(x) = p} p e Aq . 

By invariance and fiber contractivity, the diameter of these sets is zero. By 
uniqueness, 

* to*f f 

As in (3.5), we can assume E is trivial without loss of generality. Using 
the triviality, we can express 



Tf = 



A 
C K 



respecting 



TE = Hor ® Vert 



where Hor z is T M. Since Dq is compact, IICMI is uniformly bounded over 
z g Dq. Also, triviality of E (and hence of to*E) let us define the slope of a 
section at a point as in §3. The sections of w*d having a slope < I at each point 
form a closed subset of the Banach space of all continuous sections of wf*E; 



this is a pointwise property and can be verified in a chart at each point of W as 

in (3.5) -- we do not rely on plaques here. For large l 9 we claim that {ufif)^ 

carries Zq{$l) into itself. Again, the verification is pointwise as in (3.5), 

using the uniform boundedness of the shear |C,I. Thus, the section 

1 

a itf*f : ^0 "^O is uni ' f ' orm ' , y Lipschitz. The proof that it is C is identical to 
the Lipschitz-jet proof in (3.5). 



The map w* ^^: W Q — * D^-*- E is now known to be c\ W Q is complete under 
the pull-back of the trivial Finsler on TE: distances are even greater than those 
in the to-pull-back Finsler. To find the extended tangent of w t oa ((/Jtf we consider 
the continuous bundle I over A whose fiber at p is 

L p - L(T p ,E p ) p € A . 

There is a natural Tf-induced map I f: L ■+ l £ such that 

P P f P 

graph (lf(P)) = T f (graph P) 
where triviality of E has been used to identify T E and T „E. In fact 

P OfP 

y(p) = vyMApiy- 1 . 

By assumption, if is a 0-fiber contraction and by (3,1) there is a unique con- 
tinuous Lf invariant section o^: A Q L. The same construction applied to w*f 
produces a continuous, bounded, L(w?*f )-invariant section of tc*L, say °i^*fy 
As above, its forward image by u> + gives a set valued Lf-invariant section of L, 
and the diameters are forced to be zero. The unique l(wf*f )-invariant section of 
to*L is x^P where graph(P x ) = l" z ( cr wr * f (W Q ) ) , z = a^fW . Thus, the extended 
tangent of w+oo^f is found as the graph of . This completes the proof of 
6.5. f 



Definition. If tu: W M is an immersion and f : M M then we say f 
overflows vo if and only if f pulls back to a diffeomorphism wf*f: Wq W where 
w Q = w _1 (f(w?W)). This requires to*f(WQ) = W. 

Definition. Let f overflow to. Assume vo is a leaf immersion with 
extended tangent T = Tto(TW) . Then f is normally r-oontractive at to if and 
only if there is a splitting T © N = T^M, A = io(W) , overflowing invariant by Tf, 
such that 



sup IN flm(T f)" r < 1 



sup IN fi < 1 

A 



a = i^oT 



(6.6) COROLLARY. Let w: W M be a C plaquated immersion with plaquation 

1 r 

P, r >_ 1,, and a C leaf immersion at which the C map f : M -»■ M is normally 

r- contractive. Suppose W« = td*f is contained in the set of points at which 
V-plaques are centered^ U p(0). Then w|Wq is a C leaf immersion. 



Proof. When r = 1 this is trivial — w is a leaf immersion by hypo- 
thesis. Let r = 2. By (6.3) it suffices to show that Gu>: W GM is a C 1 leaf 
immersion. Let f and N be smooth subbundles of TM such that T, N are 



approximations to T, N on A = w(W). Let I be the smooth vector bundle over M 
whose fiber at z is 



\ = L(T 2 ,N 2 ) . 



Let T, N inherit Finslers from a fixed Finsler on TM. When T, N are near T, N, 

Tf acts naturally on 1(1) = {Pel: IIPII<1} and 



L A (1) 



Kl) 



M 



(Tf) 



# 



(Tf) 



i A 0) 



f + 

A Q A 



-y M 



A = toTwT 



according to the graph transform: (Tf)(graph(P)) 
respecting T © N as 

" A B 



= graph(Tf)^P. Expressing Tf 



Tf = 



C K 



we have A ~ Tf , B r 0, C ; 0, K = Nf over A Q . Thus (Tf) # P = (C + KP)o(A + BP) 
contracts the fiber over x 6 Aq by approximately the factor 



-1 



BK X 1 IA" 1 I = IN x f«m(T x f) _1 < 1 . 



We are going to apply the Section Theorem to (Tf)^: £0) "* ^ over ">* Tne 
pull back of I by to is a C r bundle over W and 



«*(Tf)- 
MJ*L(1 ) * — ntf*L(l) 



W, 



has wf*(Tf)^ = (T(tu*f))^. At x € A Q , the fiber contraction of 15 approxi 

m(T f)" 1 = k an 
By assumption, f 



mately INfl*m(T f)" 1 = k and along 

A A A 



T in the base the contraction is 

A 



m(? x f ) = a x 
C 1 



and the C 1 Section Theorem applies to ( Tf )# over 



is normally 2-contracti ve at w; thus. 

We conclude: the unique 



k x a x K 1 



ttf*(Tf ^-invariant section 



1 



ttf*L gives rise to a C leaf immersion W 



+ L 



+ A, 



But of course this unique section is just x 

P = T . The bundle I gives a smooth chart for 
xx 3 1 

shown that Gw: W n GM, xh- T.../..^ is a C 

2 

C leaf immersion. 



P where P 

A A 



L(T x ,N x ) has graph 



GM around T C GM. Thus we have 
leaf immersion. By (6.3), w is a 



r-1 

Now suppose r > 3 and assume (6.6) proved for r-1. We show Gm is a C 

r-1 

leaf immersion. We know it is a C plaquated immersion, its plaquation being 

r-2 

{Gp: pGP}. By induction, vo and Gto are C " leaf immersions. By (6.4), which 
we can apply because r-2 >_ 1, Gf is normally (r-1 )-contractive at Gwj. By induc- 



tion again, 
of W Q . 



Gw is a C r ~^ leaf immersion. By (6.3) wj is a C 1 



leaf immersion 
Q.E.D. 



The second generalization of (3.5) seeks C invariant section of a bundle, 
but does not treat self intersections the section might have when immersed into M. 
The bundle is not assumed to be the pull-back of a smooth bundle over M, espe- 
cially for induction reasons. 



Definition, If manifolds M and N have preferred atlases A and B and 

r -1 
if f : M ^ N then f is C -uniform respecting A, B if the maps \p f<f> are 

uniformly C r equicontinuous as <(>, vary over A, B. 

if 

Definition. Let vo: W -+ M be an immersion with C pi aquation ? - {p}, 
k _> 1 , and let Y be a Banach space. A C uniform Y-bundle over (W»P) is a 
Banach bundle with fiber Y, tt: E ■+ W, which has an atlas A of bundle charts 
over the p g p 

B«xY — E 

pep 

y « * 

B w P— w 



w 

whose chart transfers, restricted to all sets of the form subset of B xY(l), are 
unift 
that 



uniformly C r -equicontinuous. That is, given e > there must exist 6 > such 



«DV 1 *) {x>y) -DVV,y')« <£ 

whenever $, ¥ g A, domain (¥ -1 <I>) contains (x,y) and (x',y'); |y| < 1 ; 

| y • | <_ 1 ; < l < r; and |x-x'| < 6. Such an atlas A is called a ^ -uniform 

at las. 

Definition. A Finsler on E is k-uniform if x t-v | | is C^-uniform 

-1 x 

respecting A in the sense that the norms of $ , $ are uniformly bounded where 

X X 

xx Y 

>w 



Y — i- E 



$ G A x G B 

p x 



and 11$ .o*" 1 ! t 1 as | x-x ' | 0. Similarly a Finsler on TW is said to be 

XX T 

P-uniform if the norms of T^p, (T x p ) ~ are uniformly bounded and 

IT ,po(T p) -1 ll % 1 as | x-x* [ + 0. (We identified TF W with T ,(F W ) to form 

XX XX 

the composition. ) 

Definition. Let it: E ■+ W be a C r -uniform Banach bundle, r >_ 0, with 
C r uniform atlas A, and suppose E, TW have uniform Finslers. A -uniform 
r- fiber contraction of E(v) is a C map 



E (v) 



E(v) 



E(v) = {v€E: j v | <v} 
E (v) = E(v)|W 



+ W 



such that h is a C -diffeomorphism onto W, sup Lip (f|E )m(T h) < 1, 

-1 r xx 

< H < r, and f, h are C -uniform maps respecting A, P. 

(6.7) THEOREM. Let f be a ^-uniform r-fiber contraction of E(v), r > Oj 
with W n C u p(0). Then E(v) has a unique ^-invariant section ov. This a f 

is C -uniform and depends continuously on perturbations of f in the natural sense. 
See below. 

Remark. For simplicity, even when r = 0, we assumed ? is a plaquation 
of the manifold W. Although (6.7) remains true in the purely C° framework 
we need it only when the base space is . 



Proof. Let d y be the metric on the connected components of W induced by 



the Finsler on TW 



f 1 1 
d u(P>°.) = inf t |*y(t)|dt: y is a C curve from p to q in W} . 
w Jq 



(Note that y may pass through many plaques on its way from p to q even when 
d w (p,q) is small.) There exist constants to, Q. depending only on P such that 

(1) if p e w* and d(p,q) < to then q lies in a plaque p G P centered 
at p; 

(2) if p, q € p and PGW Q then if 1 < d w (p,q)/ 1 p _1 p - p -1 q | < fi. 

Since the Finsler on TW is uniform respecting P, the length of any curve 
Y lying in a single plaque p is uniformly comparable to the length of p ^°y in 
B w . From this, (1) and the second inequality of (2) are clear. Suppose p, q e p 

and p € W n . Choose a plaque p 1 GP centered at p. If d u (p,q) >_ to there is 

11 w 
nothing to prove, for |p~ p - p" q| < 2 = diameter B , If d w (p,q) < to then (1) 

says q E p* and so any curve y from p to q is either uniformly comparable in 

length to |p l_1 p - p'~^q| or else y exits p 1 between p and q. However, the 

subcurve of y from p to its first point of 3p' has length uniformly comparable 

to 1, the radius of B w . This completes the proof of (2). 



Now let r = 0. Call Z° the set of all A-uniformly continuous sections of 

E(v). Observe that Z c is complete respecting the sup norm | | Q . For if 

la -aL then in each A-chart 
1 n 1 

|sx r sx 2 | < |sx 1 -s n x 1 1 + |s n x 1 -s n x 2 | + |s n x 2 -sx 2 | 
< 2K|a n -a| + Is^-s^l 

where K > is constant depending on A only. Let e > be given. Fix n so 
large that k n -cl < e /3K. Then |x^-x 2 | < 6 = 6 n implies l s n x ]~ s n x 2l < e / 3; 
thus | sx-j-sx 2 1 < e whenever |x^-x 2 | < 6. 

On Z c define the natural f-induced map 

f # (a)(x) = f°a°h _1 (x) x € W . 

Observe that contracts Z into itself. (Certainly f# contracts distance 
'but it is not apparent in general that the composition of C°-uniform maps is 
€°-uniform. ) Let a € l° and e > be given. There exists 6^ > such that 

whenever $, $' € A, jz^Zgl < e, z.={x.,y.), |y i I £ 1 » i=l»2. (By f $$1 
we denote the (*,*' )-representation of f, $' -1 ofo$.) Since a is C°-uniform, 
there exists 6 2 > such that 

I°P» (X 1 , "°P* (X 2 )| < 6 1 

whenever |x^-x 2 | < 6 2 ant * * ^ s tne A-chart over p. Since h"^ is C^-uniform, 
there is a 6^ > such that 

whenever p, p 1 e P and |x-j-x 2 l < 63. Now, given p' e P and xj € B choose 
pep centered at = h'^p'xp e W Q . Suppose |x 2 ~x^| < 6 = min(w,6 3 ). By (1), 
P 2 = h -1 (p'x 2 ) also lies in p. Hence 

KV ) p'* ,(x l ) " ^p'*'^ 1 

a l f **»°o *°(h _1 ) , (xj) - f«,oa -o(h _1 ) A . (xi)| <e 

1 p$ p p 1 p$> p p c ' 



since Kh-bp.ptx^-th- 1 )^^)! <6 2 - | o^x, ) - o^(* 2 ) | < 6 } 

"* i f w -( 2 i)- f M .(z 2 )l < e when x i = (h'^ptp^). z i = a p *( x i)- 1 = 1.2. 
Thus, f^a is also C°-uniform and so contracts Z c into itself, By complete 
ness of I c , a f e l c . 

Let us consider perturbations f of f. We assume f is also a C^-uniform 

fiber contraction overflowing Wq, that the fiber contraction constant of f, 

sup Lip (f'|E ¥ )» is uniformly bounded away from 1, and that the A-representa- 
x x 

tions of f approximate those of f in the following sense. 

h _1 h 1 (p) e p for each plaque p e P centered at p gW q 
|f^. $ (z) - f $ . $ (z)| < e wherever both are defined 

Such a definition assures that (f\a) ^ f|a is a continuous function of f and 
a. (Note that f f£ is not continuous!) By (3.1), the unique invariant 
section f ' *- o^, of 

Fxi: c ^fxE C 
(f,a) — (f ,fj ) 

is continuous. This completes the proof of (6.7: r = 0). 

The proof that a f is Lipschitz (and C r , r > 1) is a modification of the 

proof of (3.5). Since we have purposely not assumed E is trivial and since E 

r-1 

may be a Banach bundle, we deal with a section's slope via a C ^uniform linear 

r-1 

connection on E, i.e. a choice of a C -uniform horizontal subbundle, Hor C TE, 
such that Ttt bijects Hor to T W and z »— *■ Hor is a linear function of 

Z TTZ Z 

z e E . Since vectors in different fibers of TE can not in general be added, it 

is not immediate what z »-+ Hor z being linear means. If u-j , u 2 G TE have 

Tir(u-j) = Ttt^) then u-j , u 2 are addable. For there exist curves , ^ in E 

such that Y-j(O) = u-| , y^O) = u 2 > t^U) = ^(t). Since y-jU), Y 2 (t) belong 

to the same fiber of E, we can form linear combinations y{t) = a^ (t) + a 9 Yo(t) 

def 

and make sense of a^u^+a 2 u 2 = " y'(0). This sum is independent of which such 
Y-| > Y£ we chose. That the subspace Hor z depends linearly on z € E x means all 
linear combinations of horizontal vectors are horizontal. 

Remark. The definition of connection just given differs from that in [34, 
p. 43] where it is also required that smooth arcs in the base be liftable to smooth 
horizontal arcs in the total space which fit together to define translation of one 
fiber to another. Under our definition, Nomizu's requirement is satisfied if r >^ 2 



for let a be a smooth arc in W joining the points p, p'. there is a smooth 
flow on W, say <f>, of which a is part of one trajectory. Since each Hor q (E) 
is carried isomorphically onto T W by Ttt, there is a unique lift of the tangent 
field j> toa horizontal tangent field 4> on E. Since r >_ 2, is C and 
generates a local flow iJj. By uniqueness, covers (f>. Thus, the arc a lifts 
locally to horizontal arcs through all points of E . Gronwall's inequality and 
linearity of Hor imply that the ^-trajectories through E p reach E p) and we get 
a translation diffeomorphism E E , which, in fact, is linear. If r = 1, then 
Hor does not seem to define fiber translations. 

Existence of local linear connections is trivial: $€ A trivializes E over 
p so take 

Hor£ = T z ($(F w xy)) z = *(x,y) . 

J 

To globalize, take a finite C°° partition of unity on M, 1 - I ip*. with 

i=l 

max{diam(supp ^)} < 6 so small that 

3 (3) if p e P and d M (wp(0),supp *k) <6 then p" 1 (supp(ty.°wf)) is 

w 

interior to B ; 

(4) if p r p 2 € V have P] np 2 f and P] (0), p z (0) e W Q nw 6 (supp(^»«)) 
then p-| nsupp(^.ow) = p 2 nsupp(^ow) . 
Precompactness of u>op in Emb implies that sets of small diameter in M located 
near the center wp(0) of a plaque peP do not contain points near its boundary. 
This proves (3), see the figure. 




In (4), ) refers to the 6-neighborhood in W respecting d^. When 6 is 

small (1) implies p 2 (0) e p 1 and p^O) e p 2 - B y ( 2 )> the set P] n supp(^w) 

which is very near p^O) in p 1 must be very near p^O) in p 2 - This gives 
(4) s see the figure. 



(4) implies that p-j Hp^ f defines an equivalence relation on 

{p€P: p(0) € W nw 6 (supp(^ow))}. Let CP be a family having just one p in 

each equivalence class. Then, Up is a disjoint covering of supp(^.otc) by 

Pj J 

plaques, and \ - 1 is subordinate to u P. on W n . Put 

Hor = I ^-Httz)) I HorP 
j J P GP d 2 

d l f {£ ^(«nrz)uP: uP,...,u5 are addable in T 2 E} 

r-1 

Hor is a C uniform linear connection over W n . For we constructed it from a 

r-1 r 
C -uniform family of bundle charts (on TE) and a C -uniform partition of unity 

having at most J terms nonzero at any point. 



In any chart T*» $ e A, Hor^ appears to be a nonvertical plane through z. 
That is, it appears to be the graph of a linear map F w Y translated to z. The 
norm of this linear map is uniformly bounded since Hor is C^-uniform. 

It is no loss of generality to prove that cr-|W n is C r -uniform. For 
- 1 

o f = fooy|Wg°h . See the proof of (6.7: r ~ 0). 

Relative to a linear connection we can define the slope of a: Wq ■+ Eq at x 
as follows. Let 8: W -+ E be a smooth section such that at x 



(T x 6)(T x W) = Hor ax (E) 



(6 depends on a(x)). Then 



laU'J-efx'JL, 

slope (a) = lim sup . , , * 

x x 1 -+x V 9 } 



r This definition is independent of which 6 we pickT Linearity of the connection 
implies slope x defines a semi-norm on sections W Q •+ Eq having a given value at 
x. Let 

z(Jt) = {a e Z c : slope x (a) < l for all x e W Q } . 

We claim that for l large, f^ carries Z(Jl) into itself and Z(&) is 
closed in Z c . Write 



Tf = 



A 
C K 



res p. 



Hor © Vert = TE. 



where Vert is the canonical subbundle of TE tangent to the fibers. Since f 
preserves fibers B = 0. Since f is C r uniform and Hor is uniformly 
nonvertical » 



B CH is uniformly bounded . 



As in §3, we calculate that 

slope fx (f # a) < (IICII + DKIUjllA" 1 !! < £ 

by 1-contractiveness, provided l » |C|. Hence f^(E(i,)) ce(ji). 

Verification of closedness of l(&) in z is made easy by use of "flattening 
charts". For each Xq e Wq there is a chart ¥ for E such that in T¥, Hor z 
appears to be flat for all z e Tr -1 (x ). (To get such a take any e A at 
Xq. In TO, Hor z appears to be z + graph ? z where + means translation and 
zh- P 6 L(IR W ,Y). Linearity of the connection means P depends linearly on y 
where $ (z) = (0,y)€(M. The bundle chart ¥(x,y) = $(x,y-P n (x)) flattens the 
connection at x Q .) Let a-pov,,.., € ZU) converge to a in Z c . At each point 
x Q g Wq choose a flattening E-bundle chart T. If we compute all slopes with the 
flat connection from this chart, we will change nothing over Xq and, since the 
connection and Finsler are continuous, will change things very little near Xq. 
Thus, given e > the sections a-pC^,..., restricted to a small neighborhood of 
Xq, will appear (in the chart) to have slope <_£■ + £. By the usual theorem [12], 
their limit o will have slope, in the chart <_ £ + £. At Xq the apparent slope 
and the true slope are equal. Hence slope X Q(o) <_£. + £, and since e was arbi- 
trary, Z(£) is closed. Therefore a f is uniformly Lipschitz. 



To see that a f is we use Lipschitz jets. Since E is not trivial, the 
proof of (3.5) needs slight modifications. Let 

J = (J v (a): ct EE, a(x)=a f (x) and slope (a)<«} . 

A A ) J\ 

Thus, J x c J(W,x;E,a f (x)). Using the connection on E we can define an origin 
for J as 0„{e) where 6 is a local section of E with (T e)(T W) = Hor . 

XX XX OfA 

Then J has a natural Banach space structure since the connection is linear. 

X 

The "slope" gives it a Finsler: f naturally induces the diagram 

Jf 



J 



Jf <V> = J hx<V> = J hx (ft7h " ] ' ' 



w discrete h r ^discrete 

Jf contracts the fibers uniformly; this can be seen using bundle charts as above. 
Thus, as in (3.5), the unique invariant section is continuous and lies in 
J^ = jets of different!* able sections, so o f is C 1 . (We give W the discrete 
topology in the diagram since otherwise Jf may fail to be continuous.) 

To prove a f is fJ-uniform, we "locate" T(a f W^) as in §3. This also lets 
us pass to the C r case, r >_ 2. Let L be the bundle over W whose fiber at x 
is 

L x = L lV- E x» • 

r-1 

Then L is a C Banach bundle over W and L has a natural Finsler. Moreover 
there are natural charts L$: B w x LtR^Y) L given by 

L$(x,P) = *°P°T (p"* 1 ) Gl x $ e A over p G P . 

r-1 

These natural charts form a C -uniform atlas LA for L because they are 
basically just the tangent charts to the C r -uniform atlas A. The Finsler on L 
i s LA-uniform. 



Tf acts on L as follows. Using the connection, we can canonically identify 
L(T x W,E x ) and L(Hor z (E) ,Vert 2 E) , for z = a f x. Since Tf carries T z E to 
T^E we get an induced map Lf: L •+ L covering h. We want to prove that Lf is 
an (r-l)-fiber contraction over h respecting the atlas LA. For then, (6,7: r-1) 
applied to Lf implies that a f is C r -uniform since the unique invariant section 
of Lf is x ' *■ Q x , graph (Q x ) = T z (cr f W), z = a f x. 



Respecting Hor © Vert we write 



Tf = 



A 2 



z€ E Q (v) 



We already observed that HOI is uniformly bounded and we know that 
!K z flm(A z )" k < 1, uniformly, < k < r. Also, 



Lf(P) = (C z + K z P)oA z 



-1 



where we have made the identication by the connection. Thus, it is immediate that 

r-1 

Lf is an r-fiber contraction. It remains to verify that Lf is C -uniform 
respecting LA. 

In two charts L3>, L$' , the map Lf is represented as 



x,pA (f plp (x),(C+KP)A"') 



-1 



since 



Vp-p 



A z 



P P 



respecting T$ _1 (Hor® Vert) and T^'" 1 (Hor® Vert). To see that these functions 

are indeed uniformly C r_1 -equicontinuous is an application of the Chain Rule, f 

is known already to be uniformly C r equicontinuous. As functions of ze Eq(v), 

A , C , K are uniformly C r-1 equicontinuous since f is C r -uniform; z = a f x 
z z z 

is C^-uniform by induction. It follows as in the proof of (6.7: r=0) that A z , 

C z> K z are uniformly C^-equicontinuous functions of x. Operator inversion is 

a C 00 operation whose derivatives involve universal constants and the norm of the 

isomorphism being inverted. Hence Lf is C^" 1 -equicontinuous when represented in 

r-1 

these charts, i.e. Lf is C -uniform respecting LA. 



This completes the proof of (6.7: r>_l) except for perturbations, which we now 
consider. If f C r -uniformly approximates f then, from the way T(a f ,W Q ) is 
located in L and by induction, the proof of (6.7: r=0) carries over to show o ft 
C r -uniformly approximates a f . Q.E.D. 



Proof of (6.1). Let i, V, M, A, f, f, N u , N S be as in the hypothesis of 
(6.1): 



M 



i*f 



TTv7 = a 



+ M 



T * Ti (TV) C T A M 



T A M = N U ©f®N S — — ► N u ©xeN S 



A 



A 



T A f = N U feTfeN S f 



By hypothesis there is a Finsler on TM, adapted to f at i, and we may 
assume |x + v + y| = max( |x| , | v| , |y| ) for x e N u , vet, y e N s , Also M has a 
smooth exponential, exp, arising from its fixed, smooth Riemann structure. We use 
this exp extensively but all norms below refer to the Finsler structure. 

Let n be a C°° subbundle of T^M such that T^M = n®T. The pull back i*n 
is a C r bundle over V. We must first prove that for small e > 0, there is a 
unique continuous extension of i*f from V to i*ri(e) such that 



1*n(e) 



i*f 



exp°i* 



exp°i* 



commutes. That is, we must show i has an ri-tubular neighborhood in which f can 



be uniquely represented. Note that i*f is not likely to preserve i*n-fibers. 



r r 
By (6.2), i has a C plaquation P = {p}. Each plaque p gives a C - 

embedded disc ip in M and since n | i p = rij is a smooth complement to T(ip) 

in TM, there is, for each p, some e = e{p) > such that 



explri-j^e) is an embedding . 



Since i<>p is precompact in Emb , a single e Q can be chosen which works for 
all p € p. Given vGV, we consider the small s-disc in M through p = iv 



exp p (n iv (e)) e <<: £ • 

Its f image is a small s-disc through fp. Choose a plaque p' e P centered at 
v' = i*f(v). (By (6.2), p' exists.) Since i°P is precompact in Emb r , 



^(exp p (n iv (e))) <= exp(n. pt (£ Q )) 



provided e « £q. In this way we can uniquely extend 1*f locally from V to 
i*n(e) by demanding 



(1*n) v (e) 



1*f 



- (1*n)..(en) 



expo 1+ 



p'^0* 
exp°i* 



M 



+ M 



commutes. Local uniqueness implies global existence and uniqueness. 

If we begin with a different smooth bundle n complementary to T, then the 
two different tubular neighborhoods are canonically C r diffeomorphic near V and 
the two representations of f are canonically C r conjugate. Thus, it is no loss 
of generality to make a convenient choice of r\: let N u , N s be C°° subbundles of 
T^M which approximate N u » N s and choose ri = N = N u ® N s . 

It is useful to view the tubular neighborhood of V, i*N, as a bundle E» 
not over V, but over some higher dimensional manifold, namely X = i*N u . This is 

easy to do, for the fiber of i*N at v € V is just N (pulled back from p = iv 

~s ^ u 

to v) and in it we af finely translate N from the origin to all points x E N . 

See the figure. 

i*N s 




V 



We are going to work with this E in the same way we worked with the E in 
§4. The unstable manifold for i*f, W u , turns out to be an invariant section of 
E. When constructing W u it is no loss of generality to assume N s is trivial. 
If N is not already trivial, we can find a C bundle c over M whose sum 
with N s over A is trivial, extend f to c by letting it kill the c fibers 
and be the old f on the base = M. The extended f will be normally hyperbolic 
at i: V + M*—*- t, and its unstable manifold will lie in M by invariance. Of 
course we can no longer use invertibility of f in the construction of W u . 

Triviality of N as a C bundle implies that N is C°° trivial for each 
smooth N s near N s . For we can project the trivializing sections of N s into N s 

Li w S oo 

along N © T and then approximate them in N by C sections. C triviality 
of N s implies C r -uniform triviality of E: let be C°° sections 

trivializing N s , let 1*?-. be their pull backs to i*N s , and extend 

them from V to X using the canonical isomorphisms E x (i*N ) for 
x e i*(Nq). Thus, X q 

i*N = E = X*K S X * i*N u . 

Although E is trivial as a vectorbundle, its natural Finsler is not constant. For 
we demand |y| be defined to make the canonical isomorphisms 

A 




isometries, y G F s . 

To define the slope of a section of E (part of the construction of W u ) we 
need not only a Finsler on E but one on TX. Since we only care about W u near 
V, we give a Finsler to T(X(Eq)) where 

X(e Q ) = i*N U (e ) . 

As we saw above, the map x defined by commutativity of 

u 

► T^M 

exp 

T 

-X ► M 



IN 



X(e Q ) 



is an immersion. Pull the Finsler of TM back to one on T(X(eq)) by x : 
M x - |T X (w)| Xx . 



We restrict E to X(e ), still calling it E. If o: X(£q) E is a sec- 
tion then the slope of a at x is 

|sx'-sx| x 
^ s " p "d^TTxT 

where a(x) = (x,sx) in E = X(e Q )xY and where d x is Finsler-metric on X(e Q ) 
d Y (x',x) = inf{ |ytL.dt: y is a C curve in X(e n ) from x* to x} . 

A J 



NOTE THE ABUSE OF NOTATION IN THAT WE OUGHT TO WRITE d X ( e )• We shall see that 
i*f naturally contracts the space E(l,e) of sections of E|X(e) having slope < 1 
everywhere, provided £ « e Q . From this we get W u , prove it is C r via Lipschitz 
jets and (6.5,7), then show exp<>i*|W u is a C r leaf immersion via (6.6). 

Everything hinges on a uniform local picture of i*f in E, just as it did 
in the compact case. That is, we need a plaquation for x* We have already the 
plaquation P = {p} of V and we extend it into X(£q) as follows. It is fair 
to assume exp|n^( e Q) an embedding for all "limit plaques" p e iTp, since Top 
is compact and exp[n^ p (e ) is an embedding for all p € P. Cover A by open sets 
Uj,...,U£ over which N u is trivial. By uniformly reducing scale, it is fair to 

assume each p lies in a single U., p € T°P. Also we can assume N u is trivial 

- J n u 

over U. and U. is compact. As above C -triviality of N over U- implies 

CO ^ *^ ll _ J 

C triviality of N | U - - Let ru . » . . . »ri . be smooth trivializing sections over 

3 ■ «J u j 

Dj with |n k j| £ £g/2u. Define 

u 

g(x,v;x) = exp( I 

when (x,v) <e B u+V , x£B u , and x = (x-j , . . . ,x ) » x = (x-j » . . . ,x ). We think of 
x as a parameter describing where 3 is centered. When x = 0, 3 gives the 

tubular neighborhood of ip in x(X(£ Q )). The set of such £( ;x) forms a pre- 

r u^v ll 
compact subset of Emb (B ,M) because i°P is precompact, B is compact, there 

are just finitely many U - 1 s , N s is C°°-trivial over each compact Oj, and exp 
is C°°. Call X p( £ Q^ ~ 1 N U ( £ q)Ip- As we saw before, x embeds X^(cq) into M 
and 8 c x( x p ( c q)) since In^l ± e (/^ u and — 1p Define & b ^ commutativity 
of 




By construction x°B is precompact in Emb r ^B u+v ,M) where B = {$}. The center of 

3 is 3(0) and 3(0, 0;x) = x (3(0)) = exp( J x k ny(iv)) where v = p(0). Thus for 

small e, every point of X(£) is the center of some B-plaque. Taking e still 
smaller, the same is true of (i*f)(X(e)), i.e. 

X(e) and its i*f-image lie in u 3(0) . 



Thus: 8 plaquates x and its plaque centers fill out a conveniently large neigh- 
borhood of V. 

It would be natural to define E-bundlecharts over the plaques 3, as we did 
in §4, and prove uniformities like (i-iv). But since we had to work always with 
Finslers, not Riemann structures (due to induction requirements), this is not quite 
possible. Instead we define E-bundlecharts over "exponential plaques". 

Let B y denote the plaques centered at V. Each g € By locally defines an 
exponential map § as follows 



T X 
v 

Is 

X «- 



V 



-i 



T Q (K U+V ) - K U+V 



v = 8(0) e V 



-,U+V 



Under the identification, T Q (T v X) * T y X, T Q 3 is the identity -- as it ought to be 
for £ to be called an exponential map. The crucial difference between T y X and 
]R U+V is that T y X has a norm adapted to Tf. Uniformly rescaling all norms, it 
is fair to assume 3 is defined on the unit disc bundle of T y X respecting the 
TX-Finsler: domain(g) DT X(l) for all 3 e B y , v = 3(0). Since E is globally 
trivial we get an E-bundlechart over part of 3 (namely over p(T y X(l)) C e) 

e g : T v X(l)xp s ^ii Eg . 

The e D give a uniform atlas for E, and the Finsler of E is uniform respecting 

p 

it. 



In e we can measure distance according to the linear Finslers of T X and 
p v 

E at v - 8(0) or relative to the intrinsic distance d v and ! I . It is use- 
v X ' l x 

ful to know that infinitessimally these notions agree and that this is true uniform- 
ly over p £ By. As d Y (x,x') ■* and d Y (x,v) +0 we claim 



(i) 



|y| x 



Jx-xM 
d x (x,x*) * 1 



where x, x' e B, e e b v , e(0) = v e V, px = x, £x' = x' , y € E x - 0. Since 

X°B is precompact in Emb"' (B U+V »M) and § is constructed canonically from B, it 

suffices to give a uniform proof of (i) for just one P e B v . Since the Finsler on 

E is uniform, the first limit is clear. Similarly, since the Finsler on TX is 

uniform, | l/| | i 1. The denominator dytx.x 1 ) equals inf{ |y{t)| ,dt: y is 

i xv a » , i 

a C curve in X from x to x'}. As in (2) of (6.7) we get from / | t 1> 



|x-x'| v -o{l) < d x (x,x') < |x-x'| +o(l) 



which completes the proof of (i). 



A global version of (i) compares the Finsler-metrics d^, d v when 



r 1 .. 



d v (v,v') = inf{ |yt|^dt: y is a C curve in V from v to v 1 } 

rl i 
d v (v,v') = inf{ \yt\ ,dt: y is a C curve in X(c n ) from v to v 1 } 



Jo 



Yt 



v, v' being in V. Clearly d y _> d x « Since N u is a smooth bundle there is a 
uniform Cq such that 

IT if u l < C Q x e N u (l) 

where tt u : N u M and Ttt u : T(N U ) TM. Then, since exp is smooth and M is 
compact, the projection 

i*N U U ) 

,*-,u has IIT(i*Tf u )ll < C x e i*N u (eJ 

III A 

V 



for some uniform C. (We use the TX-Finsler so C may need to be > C n .) If y is 



any C 1 curve from v to v' in X(eq) then a = (i*Tr u )°Y is a C' curve in V 
from v to v' and |at| at < C|yt| vt , Hence 



(i') 



Yt 



d v (v,v') 

. I i t is uniformly bounded . 
X 



Next express i*f in charts e^, e gl where 3'(0) = v' = i*f(v), v = 3(0). 

f 6'6 = e 6' oi * foe e = T o f B l 6 + r e , 3 * 

Since f Dlo is the pull back of a C r map on a compact manifold, x oB is precom- 

p p 

pact, and E is uniformly trivial, 

(11) lD(r Bl3 Ig(T v X{ £ )))| t 

as e ■+ 0. 

The third and fourth uniformities concern how X(e) compares with certain 
"boxes" in the 3's. If 3 e By, 3(0) = v e V, and v, y > are small we set 

g(v,y) = i*N^(v) xT v V(u) 
3(v,v) = 6(3(v,v0) 



where p = iv. (Since v e V and X is a bundle over V, the tangent space to X 
at v splits canonically according to fiber x base.) Note that we use the Tf- 
adapted Finsler, see the figure. 

JL x / 



i*N' 



V 



5(v,u) 



&(i*R u ) 

p 











e(v,u) 


v 







Given < tn < oj' < 1 we claim there exists a 6 > such that 
(iii,iv) X(e) 3 6(w'e ! 6) => 3' ((je.ue) 



V — 



whenever $, g* € By, |(T g'(0)| < 6/2, and e is small. These inclusions follow 
from (i) as in the compact case. See the figure in §4. From now on we assume 
e < 6. 

Let us return to the construction of W u for i*f. We call l(l»e) the set 
of all sections of E(e) over X(e) having slope < 1 everywhere. Since E is 
trivial, this makes sense. We claim that 1*f induces a contraction of l(l,e) 

(i*f) # CT = foaoh _1 |X( £ ) 

where 

h = iro(i*f)oa a e Z(l,e) . 

At least we claim this when N u , N s are near N u , N s and e is subordinately 
small. By "subordinately small" we mean that the smallness of e can (and must) 
depend on how close N u , N s are to N u t N s . We shall write N -+ N as shorthand 
for N u , N s N u » N s . The hard thing to prove is that f^ is well defined. For 
instance 3X(e) is probably highly non-smooth. 

First fix < w < w 1 < w" < 1 so that 



inf um(N"f) > 1 . 
pGA p 

Since N u f expands and A is compact such an o> exists. Note that w, w' , w" 
are independent of N u , N s , e. 



It will be convenient to have a bundle map F: T^M -+ T^M preserving the split- 
ting N u 6 T © N s , even though T^f does not. Let 



and set 



A ll A 12 B l 

A 21 A 22 B 2 
C-j K 



respecting 



F = 



11 
A 







22 I 
K 



A ir 

K: N : 



Then F -*- T.f as N ■+ N. We can equally well consider F pulled back to V 



where we split T v E canonically as i*Np ® T y V e i*Np» for p = iv. 



Let 6, B* e 8 V be plaques with 3(0) = v, 6'(0) = v\ i*f(v) - v 1 . Express 
i*f in the e^, e^, charts as 

f e'6 =e B' e1 * foe 3^ F B'e +R 3'$ 
where R is the remainder. As N ■+ N and 6 ■> subordinately, we get from (ii) 
(ii') Lip(R e , p |g{6,6)) t . 

In e oS e , express h as 

p p 

h B , 6 =e-](,fa)e B =F|T v X + e-](,Ra)e g . 

By (iii), domain(h) = X(e) => &(w"e,6) when 6 is small and e « 6. Measuring 
Lipschitz constants of maps in the exponential plaque and using (i) we get 

(v) Lip(e'l(TrRa)e 6 |S(o)"e,6)) t 

as N N and 6 subordinately. For this Lipschitz constant is < 
-1 



Lip{eg!Tre 3 JLip[e^Re e irV^(3(w ,I e,6)))]Lip(e^ae 3 i§(a) ,, e : J 6)) 

= R 

6' B 



e ol 7re Dt is just the projection T X*F S -> T X in the e -chart so the first factor 
Bp V v p 

is < 1. Since a takes values in E(e), (ii r ) implies the second factor tends 

uniformly to zero. By (i), the chart expression for c, e^ae^, has at v almost 

the same slope as a has intrinsically at v. Thus, the last factor is < l+o(l) 
and (v) is proved. 



By (3.7) we conclude from (v) that h is injective on BU"e,6) for small 6, 
e « 6, and all B £ B... We claim that 



(vi) 



h is globally injective on X(ai'e) 



for each h = *rrfo, a 6l(l,e), provided e is small. (Pathology of 8X(e) con- 
ceivably makes (vi) false for w'e = e.) Suppose (vi) is false, i.e. h(x^) = h(x 2 ) 
for some x.j e i*Np (w'e), € i*Njj (w'e), p.j = iv^, p 2 - iv 2> Choose By- 
plaques 3-j , $2 at v ] ' v 2* How far a P art can v -| anc! v 2 De? Recall from (V) 
that dy/d^ is uniformly bounded on V, say by the constant C. We get 

= d x (h(x 1 ),h(x 2 )) _> d x (v r v 2 ) - d x (v 1 »x ] ) - d x (v 2 ,x 2 ) > 1 d^v-j^) - 2e . 



Hence, d v (v^,v 2 ) 2eC. This is < 6/2 for small e. By (vi), 

Bi(o)"e,6) 3 $ 2 (w'£,0); i.e., x^ , x 2 both lie in ((jo"e,6) , contradicting injec- 
tivity of h on 6-j (io"e,6). This proves (vi). 

To complete the proof that i*f is well defined, we show h(X(u>'e)) D X{e). 
By (iv) applied to < to < w' < 1, we know that 

X(oj'e) D e((jO£,we) g <E By . 

(We now forget 6.) As above, let £, £' be plaques at v, v' € V where 

i*f(v) = v'. By (3.7), the image of £(we,(ue) under F or under , ^ is nearly 

the same: 

h e , 3 (g(we,wc)) => 3' (we(X-2£),a>e(u-2A)) 
where y = 1nf{m(T f): p€A}, X was defined above as inf{m(N^f): p£A}, and 

r r 

Z = l h B'3 (0) i + Li P( e 3'( 7TRa ) e gle(we,coe)) . 

As N N and e ■+ subordinately, it t by (v). Since wA > 1 and u > 0, 
we can find small enough e > so that 

h(3(we,o)c)) D B'(e,0) 

for all h. Since u B'(e s 0) = X(e) this proves hX{a)'e) DX(c). Hence, 
h : X(e) -»■ X(e) is a well defined map and 

i*f„a{x) - fah _1 (x) x e X(e) 



makes sense. 



Verification that contracts l(l,e) into itself is easy, using the 

e^-representations of and (i). By (3.7), (v), and (i) the pointwise 

Lipschitz constant of h"^ is _< 

[m(N u (f)©Tf) - jl-o(I)]" 1 

where I is as above, I t 0. Since we put the sum Finsler on T^M - N u © T © N 
and m(N u f) > llff II s m(N u (f)©Tf) = m(ff). Thus 

Lip(h _1 ) < m(ff)" 1 + o(l) 

as N -* N and 6 ■+ subordinately. By normal hyperbol icity, the slope of 

i*fah"^ represented in the e c -charts is < 

p — 

[BN s fll + o(l)][l+o(l)][m(Tf)" 1 +o(D] < 1 



and so (i* - ^ carries Z(l,e) into itself, The proof that (1*f)j is a contrac- 
tion is identical to that in §4. The fixed point of (i*f)# is called o\j* f . Then 
W u = image(a.* f ). 

Now that o\j*^ is known to exist, we must prove that 

m> u - expoi^oa^*^: X(e) — v M 

r u 
is a C leaf immersion. We are going to use (6.6), so we need to prove u) is a 

C r plaquated immersion, a leaf immersion, and f is r-contractive at u; u . 

By construction, a^*^ is uniformly Lipschitz. To show that a-*^ e we use 

Lipschitz jets. As in (3,5), (6.7) let 

J x = {J x a: a€ z(l,e) and a(x) = ck+^x)} . 

Then f induces Jf : J x ■+ J hx , h = T\°f°o^*f, in the natural way: 
Jf(J x a) = J^ x (f^a). As in (4.1) we use the uniform charts to see that Jf con- _ 
tracts fibers uniformly. This gives a unique bounded Jf-invariant section which 
takes values in - jets of differentiate sections. Since x J ¥ cr.* f is also 

All 

Jf-invariant we see that a^*^ is differentiable with uniformly bounded derivative. 

r-1 

To locate the tangent bundle of c.<kf(X(£)) we can consider the C bundle 
L over X(e) 

I = L(T X,E ) . 
x x x 

Then i*f induces a natural map L(i*f) on L(l) as follows. For any P e *- x O)» 
T,(i*f)(graph P) = graph(L(i*f )P) where we used triviality of E to translate T E 

Z A 

to T z E, z = a f (x). In the local charts this becomes 

P i-* (C + KP)°(A + BP) _1 . 

As in (4.1) we see that i.(i*f) contracts 1(1) into itself with strength 
i INpfI-m(T f). For UBII, IICII t as N N and e subordinately . (Note 
since f is not fiber preserving B i as it was in (6.7). Also we needed the 
sum Finsler on T^M to replace m(N u f®Tf) by m(?f).) Thus, l(i*f) is an 
(r-l)-fiber contraction when N is near N and e is small. In particular, the 

tangent bundle of cr.*- is continuous because it gives the Lf-invariant section of 

1 r 1 

1(1); i.e., a.j* f is C . Also, l(i*f) is C -uniform respecting the natural 

charts on /., as in (6.7). Thus, (6.7: r-1) applied to L(i*f) gives a unique 

r-1 

L(i f)-invariant section which is C -uniform. This makes a.* f and 



u> u = expoi^ocr.*^. C -uniform. 

To plaquate mj u exactly on X(e) may be too hard. Instead consider 
Wq = o\.* f (X(o)'e)) where u>' < 1 is as above. We know i*f(Wg) 3 W u . Rescaling 
all plaques in 8 by a factor on the order of (l-w')~\ we can plaquate a neigh- 
borhood of X(w'e) in X(e) in such a way that one plaque is centered at each 
point of X(w'e). Call the new plaquation , the union of its plaques X^ , and 
X Q = Xjoi'e). By the Chain Rule and C r -uniformity of o.*f as in (6.7), 
{expoi*o a ,.* f o$: &GB-j} C r -plaquates w u with a plaque centered at each point of 

V 

To see that w u is a C 1 leaf immersion is not hard. Let N u , T, N s be 
continuous extensions of N u , T, N s to a neighborhood of A = i(V) . Let I be the 
continuous bundle defined near A such that 



J*. ./Ml A, AC . 

L = L(N ©T,N ) . 
p 

Then Tf induces a contraction If: I p (l) ■* £ f p ( 1 ) in the natural way, for p 
near A, 



Lf(P) = (e + Rp)(S + 8p) _1 Tf = 

By construction f overflows w> u |Xq, and so over its closure there is a unique 

Lf-overf lowing invariant section. By uniqueness it is clear that this section is 

the tangent planes to u> u X(e) and that at A the section i s N u $ T, That is, we 

have found the extended 1-tangent to u> u and proved that Tw u T y X(e) = N U ©T. It 

remains to prove X(e) is complete respecting the vo -pull back metric. Let {x n l 

be a Cauchy sequence in X(e) respecting the w u -pull back metric. In the uniform 

charts, it is clear that the chart representation of {o*.* f (x )} is Cauchy and so 

ii (I 

x converges in the chart metric. Hence it converges in the w -pull back metric. 

n u 1 

This completes the proof that ur is a C leaf immersion. 

Finally, we prove that f is r-normally contract ive at w u , We need to con- 
struct a Tf-invariant splitting f © N over 0J U (X(e)) such that f is the 
extended tangent of io and N is sharply contracted. N f is not a monomorphism 
because we trivialized N s , so we must be a little careful. 

Call M n the original manifold on which the diffeomorphism f was defined. 

u -1 v 

By invariance, to (X(e)) c ft Using f on M Q we can construct N Q Tf-invan- 

antly such that T © 1L = TM n over tc u X{e) and ?L = N s at A. See [24] . Then 



A § 
C K 



resp. (N u ©f) © N ; 



let ft be fj Q ® Vert Q (c) where c was the bundle over M Q trivializing N at 
A. By continuity this N is sharply contracted, for small e, since N s is 
sharply contracted at A. 

By (6.6) w U |Xq is a C r leaf immersion. By invariance, w u is a C r leaf 
immersion. This completes the proof of (6.1) parts (a), (d), Parts (b), (c) 
(uniqueness and characterization in i*n) are proved as in (4,1) using the uniform 
charts. Likewise part (g), Linearization. Part (e), Lamination, has already been 
proved in §5. 

Part (f), permanence under perturbation, is attacked as follows. If f is 
near f and z e i*n(e) then there is a unique point z' in i*n near i*f(z) 
such that expoi^(z') = f'(exp i*(z)). Thus, f pulls back to i*f near i*f, 
i*f'(z) = z\ The construction of vo u given above works for f near f: the 
main thing to observe is that the same uniform E-charts serve to prove i f -over- 
flows the neighborhood of V, making the graph transform (i*f)^ well defined. 
Likewise the proofs of smoothness work just as well when f 1 replaces f and f 
is near f. The resulting section is C r near that of f. Thus we get a C r 
W", C i*n(e) which is i*f* -overflowing invariant and C r near w". Dealing with 
f-1 and f'" 1 gives W*. and V = W u fl nw^,. 

Then g^,: V i*n(e) is an i*f '-invariant section where g^,(V) = V. We 
define i ' : V **- M to make 

i* 

A 

exp 

V ■ ► M 

commute. Using the uniform charts as in (4.1(c)), we see that for each q e V, 
g_, (q) = q 1 is the unique point of i n such that 

(i*f*) n (q') e i*n(e) for all n € z 

and similarly that W^, or W^, consists of the points whose backward or forward 
i*f'-orbits remain in i*n(e). Similar remarks hold for the strong stable and 
unstable laminations of W^, , W^, . 

From the preceding characterization of g fl it is clear that i' is the 
unique f'-leaf immersion near i such that i(q) e exp i {q) n ^ £ ^ for a11 q G Vt 
In this sense, we can say i' is "essentially unique" or "unique modulo n". 



g f . 



Summing this up we state 



(6.8) PERMANENCE THEOREM. Let f, r\ be as in (6.1). If f* is a C r 
diffeomorphism of M which is C near f then there is a section g^, : V i ri 
such that (i*f ) n (g ft (q)) ^ i*n( e ) /or aZZ neZ, q e V. This g fl is uniawe 

among all sections of i continuous or not. Besides, g^ t if -invariant, 

r r r 

is of class C ^ and tends C to as f ' tends C to f. The sets 

W" = D (i*f , ) n i*n(e) J w|, = n (i*f ' ) n i*n(e) are C r manifolds intersecting 
n>0 T n<0 

transversally at V = g ft {V). They are C laminated by sets of sharply i f - 

r . u 

asymptotically equivalent points. These C laminations and the manifolds W^ (> 

tend C r to those /or f as f tends C r to f. The map i' = expoi^og^, 

is a C leaf immersion at which f 1 is r-normally hyperbolic. Modulo r\, it 
is the unique f 1 -invariant leaf immersion near i. 



§6A. Forced Smoothness of i : V M . In this appendix we generalize (4. Id) 
to leaf immersions. As usual M is a complete C°° Riemann manifold. 

(6A.1) THEOREM. If f : M M is a C f diffeomorphism which is r-normally 
hyperbolic to the boundaryless C*' leaf immersion i : V -*■ M then there is an iso- 
topy of V, h t : V ■+ V, <_ t <_ ~\, such that h Q = identity and i = ioh^ is a 
C r leaf immersion, i: V and f is r-normally hyperbolic at i. 

Remark. (6A.1) says that V was really C r immersed. For instance if V is 
a compact submanifold of M then (6A.1) says V is C r , see (4. Id). The isotopy 
h t takes place on V, not M, and is C 1 small. 

To prove (6A.1) we use the following lemma which is a generalization of the 
fact that a C 1 diffeomorphism between C r manifolds can be C 1 approximated (in 
the Whitney sense if the manifolds are noncompact) by a C r diffeomorphism [33]. 

(6A.2) LEMMA. Let uo: W M be a C r immersion, r > 1. If Ghi: W -* GM 

r r+1 

is also of class C then u> is isotopic along W to a C immersion 

H: W -* M. 

1 2 

Remark. The hypothesis of (6A.2) is not absurd. For example, let w: S R 

11 2 
be any C embedding of S onto itself which is nowhere C . Then the map 

Gw: S 1 -+ GR 2 is of class C 1 even though Tw: TS^ ■+ TR 2 is only continuous. 



"Proof of (6A.2). W and M are C°° manifolds and have C°° atlasses. At 

each point q of W there is an open disc D which w embeds into M. The 

r+l " r 

embedded disc is a C submanifold of M since Gw is of class C . Hence 

there are a pair of charts, one for W and one for M, in which w|D q appears to 

be a C r map from ti w into R w xO c R m . The W chart is C°° and the M chart 

is C*** 1 (since ^(0^) is a C 1 ^ disc). By convolution approximation [20] in 

these charts, we find a C r+1 map u) : D ■* M such that ml(D ) - w(D ) and w 

is C near w|D q . 

r+l 

The {w } give a C structure on W which is the one it inherits as a 

subset of M. (It is not just the itf-pull back of the C structure of M f ) Let 
~ r+l 

W denote W with this C structure and consider the pointwise identity map 
i:W-*-W. This i is a C r diffeomorphism of the C°° manifold W onto the C 
manifold W. (i is not C r+1 if vo is not C r+1 .) By [33] there is C r approxi 
mation to i, i^: W ■+ W, which is a C diffeomorphism. Any small perturbation 
of a diffeomorphism can be achieved by isotopy [33] and so there is an isotopy 
i* t : W W starting at i Q = i and ending at i^. 

-1 r+l 
Finally, we put = woi oi^ and claim that is a C immersion. 

This can be verified in the charts for W, M used to construct the {w } because 

r+l 

those charts were C 

Proof of (6A.1). If r = 1 there is nothing to prove so suppose r >_ 2 and 

CO 

(6A.1) holds for r-1. Intrinsically the manifold V is of class C , as in any 
C 1 manifold [33]. We just want to prove that the "wrong" leaf immersion was chosen 
to represent V. 

Let N u , T, N s be C°° subbundles of TM which C° approximate N u , T, N s 
on A. Consider the C°° vector bundle L whose fiber at z near A is 

I z = L(N^T 2 ,N*) . 

Tf acts naturally on the unit disc I z (l), by (C + KP)°(A + BPf 1 where 



Tf = 



A B 
C K 



resp. (N U ®T) B N S 



Let If be this fiber preserving map 1(1) + L covering f. As in §§4,6, it is 
easily checked that Lf contracts fibers and sends L 2 (l) into *- fz (l), at least 
if z is near A. Besides, the fiber contraction rate of Lf is approximately 



lyxp 1 , p e A s where k p = IN p fl, a p = m(T p f). 

Now consider the unstable manifold for f at V, w> u : W M M where 

W u = graph a.* f u> u = i JW U 

and a.*-: X •* E was the i*f-invariant section constructed in §6. By (6.1), m) U 
i f 

is a leaf immersion. 

The pull back of I to W u » w u (I), is a C bundle over W u , The sharp- 
ness of the fiber contraction of w u (If) is = k of 1 which is < the base con- 

P P U*/" 

traction la, by r-normal hyperbol icity. By (6.5) there is a unique w {if)- 
invariant section of w u (L) and it gives a C leaf immersion into L. Since 
TW U is i*f-invariant, we get by uniqueness that Gwj u : x i— ► T i x wU ( T x wU ) is a ^ 
leaf immersion into GM at which Gf is r-1 normally contractive. 

By induction on r we cannot conclude that Gw> u is C r_1 because W u has a 
boundary. 

-1 s s 1 

But, applying everything to f , we get Gu> : W ■+ GM, a C leaf immer- 

sion. Since T = (N u e? ) n (T ©N*), we see that Gi : V -+ GM is also a C 

p P P P P 2 

leaf immersion. [This does not imply that i is C — see the remark after the 

statement of (6A.2).]. 

2 

By (6A.2), i is isotopic to i-j along V, where i-j is a C leaf immer- 
sion. For Gi and i are C 1 . When r = 2, this completes the proof of (6A.1), 
so suppose r >_ 3. 

By (6.4), Gf is (r-1 )-normal ly hyperbolic to the C 1 leaf immersion Gi^. 
(Note that we needed the C 2 leaf immersion i^ in (6.4), but i was only .) 

By (6A.1: r-1) applied to Gf there is an isotopy of V, h. s such that 

r-1 r-1 
Gi-joh^ = G(i* 1 oh^) is a C leaf immersion. That is, 1 "-| on -j is a C leaf 

immersion and Gtigh-jMq) is also C r_1 . By (6A.2) 1-,°^ is isotopic along 

V to a C r leaf immersion i. Since i is just a reparameterization of i, it 

is clear that f is normally hyperbolic to i as claimed. 



§6B. Branched Laminations . In this appendix we deal with some global pheno- 
mena naturally arising from a leaf immersion. As usual, M is a C complete 
Riemann manifold. 



Definition. A C boundaryless leaf immersion i: V -*■ M is a C branched 
lamination of ACM if and only if i(V) = i (V) = A. A lamina of i is the 
restriction of i to a connected component of V. 

Strictly speaking, we should say "possibly branched" instead of "branched." If 
all the laminae are unbranched, then we have an unbranched lamination -- which is 
what we call a lamination in §7. 



A branched lamination is a sort of foliation whose leaves are branched mani- 
folds of Williams [50], Interestingly enough, our laminae seem to form a proper 
subclass of all possible branched manifolds. 

(6B.1) THEOREM. If i : V M is a C boundaryless leaf immersion, then 
there is a natural maximal branched lamination u: u M such that u{u) = A 
= iW and one lamina of u is i . 

There is a plaquation {p} = P of V by (6.2). Since {i°p} is C pre- 
compact let us call "plaques" all the iop plus all their limits, say 
{3} = B c Emb r (D v ,M). We must build laminae in addition to i. We will do so by 
gluing together plaques from B. In case dim V = 1, this is fairly trivial. When 
dim(V) ^2, it is not even clearly possible. The following definition helps us 
organize new laminae. 

Definition. A finite union of plaques $0^**" 1S we ^ branched 

(respecting i) if and only if for every e > there are plaques Pq^'-'P^ e p 
such that p Q u - - • Up k c v is connected and d r ( io Pj < e. By d^ we mean a 
fixed metric on Emb r (D v ,M). For instance, any single plaque £ € B is well 
branched. 

For convenience, we often deal with restrictions of the plaques p e P, B € B. 



Call 



If a is small then 



Hence 



p a = p|aD v 3 a - B|aD v . 



p a n P a f => P a cp 2 and p a c Pl 



p ln n p 2n * ' n = 1 ' 2 » 3 '--- 

p ln" & l > P 2n -3 2 as n-- 



If we say B-j and B 2 are unbranched whenever their union is contained in some 
embedded r-disc then, replacing V with {p a } for some small a, we can assume 

p ln ° p 2n * ^ 9 n = 1 » 2 » 3 »*'* 
(U) p ln + e 1 , p 2n B 2 as n + » 

■+ B-| and B 2 are unbranched . 

To prove (6B.1) we use 

(6B.2) LEMMA. .Let B = B Q U-.- U3 fc fc e well branched and pGB Z>e given, 
t 

at p. 



Tften there is a well branched extension 3qU*'* witfc $ k+ i e B centered 



Proof. There exist sequences p^ n € p with 

d (B.,1op. ) as n 



p. U" - up. connected . 
K 0n K kn 

Since p € g. for some j there is a sequence p. € p such that i(p- n ) p. 
See the figure. 




Choose a plaque p, centered at p. and choose a subsequence (unrelabeled) 

r ^ k+i n jn 

so that i P k+1 n converges to some B k+1 in B as n + «. Clearly 

p„ u.-Up. x . is connected, so B n u *" u B u , 1 is well branched, Q.E.D. 
On k+1 n k+ l 

Proof of (6B.1). Choose any B Q € B and any e 3B Q . Select B 1 e 8 
centered at p 1 so that $ Q u B-j is well branched. Choose any p 2 e 3B Q - (BqUBj), 
if possible, and add B 2 at P 2 so that BqUB-|UB 2 is well branched. Continue 
until all of 3B Q is covered by plaques. Compactness of 9Bq and B insure this 
can be done with finitely many B € B. Then proceed to cover the so far uncovered 



points of 33-|» etc. etc. We get a countable family of plaques {$/} c b such 
that 

(a) 3(j u *** u &| ( is well branched, <_ k < °° 

(b) Pjn^P^p " "f° r a ^ K > some K(j) independent of n 

for some sequence {p*_} in P with p. B. as n ■+ «. (a) follows from (6B,2) 
and (b) from construction, compactness of B, etc. 

Now we build a manifold by identifying I, x Int(D v ) under 

(j.x) (k,y) * e.(x) - Bj(y) and 

p jn° p kn * for a11 large n ' 

Note that this is an equivalence relation. Call the identification space B and 
let 

U jk = {x e Int(D v ): (j,x) ^ (k,y) for some y e Int(D v )} . 
For each x € Int(D v ) consider 

U,(x) - n u . 

U.(x) is a neighborhood of x since U.. is open, and from (b), there are <_ K(j) 

J J K 

values of k such that f 0. 

Now we cover B with charts 
U.(x) — B 

x' ^ [(j a x')] = equivalence class of (j,x') . 
Chart transfers are maps 

e ~kS |u j (x) 

such that p. -+ B. ( p kn + 3. » and p. n p. f 0. By (U), p. and 3k are 
jn j k J" J 

unbranched, so this Br'°B. is a C map defined on an open subset of D v , i.e., 
B is a C manifold. 

The natural map 

b: B M 

[(j,x)] — Bj(x) 

is clearly a well-defined C immersion with extended tangent contained in T. 



~Yo~pr~ove"b is a C leaf immersion we must show B is complete respecting a b 
pullback Finsler from TM. This follows easily from compactness of B. Also, since 
b(B) is composed of limit plaques, it is clear that b is a C r leaf immersion 
r >_ 2. Its extended r-tangent bundle is contained in T r . 

Finally, let U be the disjoint union of all such manifolds B we can con- 
struct as above and let u be the union of the leaf immersions b: B + M. Then 
u: U ■+ M is a leaf immersion with u(U) = A, completing the proof of (6B.1). 



(6B.3) COROLLARY. If i^: Vq -»■ M is a boundaryless leaf immersion, with 
1*V n = M and f is normally hyperbolic at i QJ then there are natural branched 

US U ~ — s 

laminations W 3 W of M tangent to N ® T, T © N and invariant under f . 

Proof. By (6B.1) there is i: V + M a leaf immersion with i(V) = M. By 
(6.1) there are leaf immersions to u , u> s for i. Their laminae form t^, W s . 

(6B.4) COROLLARY. For i n , f as above, the strong unstable and strong stabl 

.us 

plaque families of (5.5) form unbranohed laminations of M subordinate to W , W . 

Proof. Since the plaque families are self coherent, the proof of (6B.2) pro- 

u s 

duces injectively immersed laminae everywhere tangent to N and N . 



§7. Normally Hyperbolic Foliations and Laminations . In this section we apply 
the results of §§4,6 to foliations and laminations. Let us recall these definitions 



A continuous foliation of a manifold M (with leaves of dimension k) is a 
disjoint decomposition of M into k-dimensional injectively immersed connected 
submanifolds "leaves" such that M is covered by C° charts — "foliation 
boxes" -- 

4: D k xD m " k -+ M 

k r 
and <f>(D xy) c the leaf through <f>(0,y). The foliation is of class C if the 

charts <J> can be chosen of class C r . 

r 

Definition, A C unbranched lamination of M is a continuous foliation of 
M whose leaves are C r coherently immersed submanifolds. That is, for r = 1, 
the tangent planes of the leaves give a continuous k-plane subbundle of TM. For 
r > 2, the r-th order tangent multiplane to the leaf at p E M depends 
continuously on p. 

Convention. Unbranched lamination = lamination. See §§6, 6B, and later in §7 
for more discussion of branched laminations. 

Laminations occur naturally in dynamical systems as we saw in §§4, 5, 6. Also 
the stable manifolds of a C r Anosov diffeomorphism form a C r lamination, not a 
C foliation in general [3]. The leaves of a lamination I will be called 
laminae. The tangent bundle of L, TL, refers to the tangent planes of all the 
laminae. 

The following definitions generalize some ideas of dynamical systems to 
invariant laminations. 

Definition. A diffeomorphism f of M preserves the lamination I if and 
only if it sends the lamina through p onto that through fp. We also say 
f(L) = L or L is f-invariant. 

Definition. If f, f are diffeomorphisms of M preserving the laminations 
L' then (f,L) is leaf conjugate to (f'.L 1 ) if and only if there is a homeo- 
morphism h of M onto itself such that h carries laminae of i to laminae of 
V and hf(L) = f'h(L) for all laminae L of L. 

Definition. If f preserves L then (f,L) is structurally stable if and 
only if f has a neighborhood W in Diff^M) such that each f 1 € W preserves 
some L' with (f,L) leaf conjugate to (f 9 1 ' ) - 



This definition of structural stability for laminations is a natural extension 
of the classical notion of structural stability of vector fields. 



Definition, An e-pseudo orbit of f : M -*• M is a bi-infinite sequence {p n > 
such that 



For n > this means: take p^, apply f to produce f(pQ)» budge it by <_ e 
to produce p^ , apply f to produce f(p-|)» budge it by <_ e to produce p^» etc. 

Let L be a lamination of M. Think of the nonseparable, non-^connected mani- 
fold V consisting of the laminae with their intrinsic (non-induced) topology. 
The inclusion i: V -»- M is a leaf immersion and has a plaquation p. 

Definition. If f : M -»- M preserves the lamination L then a pseudo orbit 
{p^} respects P if and only if f(P n )> P n+ ] lie in a common plaque of P. 

Definition, f is plaque expansive if there exists an e > with the follow- 
ing property. If fP n K > are e-pseudo orbits which respect P and if 

d„(p »q ) < e for all n then for each n, p and q lie in a common plaque. 
M n n — n n 

Remark 1. The definition is independent of d^ and plaquations P with small 
plaques. 

Remark 2. When we think of M laminated by its own points (zero-dimensional 
lamination) then "plaque expansive" becomes "expansive" as defined in [48]; 
"normally hyperbolic" becomes "Anosov." 

Definition, A C r diffeomorphism f : M M is r-normally hyperbolic to a 
C 1 lamination I if and only if f preserves L and Tf is normally hyperbolic 
over TL. That is, 



n € Z . 



TM = N u e TL e N s , 



Tf - N U f ® Lf © N S f , 




It is easy to see that the laminae of a C r lamination are the images of C r 
leaf immersions. 



Since the laminae are injectively immersed, f is normally hyperbolic to each 

one, as defined in §6. Thus, we have the canonical perturbation theory of (6.8) at 

our disposal. Interpreting the characterization in (6.8) in terms of pseudo orbits 

we get the following assertion where rj is a smooth complement to IX, If f is 

near f and p e M then there is a unique point p' € exPpii(e) whose f -orbit 

{f' n (p')} can be e-shadowed by an f-pseudo orbit which respects P. We call the 

map h ft : M ■+ M the oanonioal candidate for a leaf conjugacy h^,(p) = p'. By {x n > 

e-shadowing {y } we mean d u (x ,y ) < e for all n. 
3 n n n n — 

(7.1) THEOREM. Let f be r-normally hyperbolic to the C lamination i. 
If f is plaque expansive then {f,i) is structurally stable. The canonical candi- 
date for the leaf conjugacy h^, is a leaf conjugacy. Moreover f 1 is r-normally 
hyperbolic and plaque expansive at L 1 = h^. , L . 

Remark 1. Less general theorems can be proved more easily: for instance we 
could have assumed L was a C r foliation. Even with this assumption, however, 
V will not in general be a foliation. Anosov gives an example of a linear 
hyperbolic automorphism f of T which is <»-normally hyperbolic at a linear 

foliation F but which can be perturbed (by C r small analytic perturbations) so 

1 r 
that the new invariant foliation is not C . This is why we deal with C lamina- 
tions, not just C r foliations, in the first place. Note also that (f',L') has 
the same properties as (f,L) had: r-normal hyperbol icity and plaque expansiveness. 
That is, the category of normally hyperbolic plaque expansive diffeomorphisms of 
laminations is closed under perturbations. However, there are several open funda- 
mental questions about laminations; see below. 

Remark 2. (7.1) gives a unified proof that Anosov diffeomorphisms, Anosov 
flows, and Anosov actions are structurally stable, using the orbit foliations. See 
the discussion following (7.3). 

Remark 3. Verification that f is plaque expansive can be nontrivial in 
interesting cases. 

Remark 4. If f is Anosov then W u is plaque expansive. The proof is left 
to the reader. 



Question 1. If f is normally hyperbolic at I then is f automatically 
plaque expansive? Partial Answer: Yes, if I is smooth (see (7.2)); yes if f| 
is an isometry [11]. 



Question 2. If f is normally hyperbolic and plaque expansive at I then is 
W u an wnbranched lamination? Partial Answer: Yes if I is smooth (i.e., I is a 
foliation). 

Question 3. If f is normally hyperbolic and plaque expansive at L and W u 
is a lamination, then is f plaque expansive at W u ? This is a combination of 
questions 1 and 2. 

Question 4. If f is normally hyperbolic and plaque expansive at I then is 
I the unique f-invariant lamination tangent to 111 

Proof of (7.1). Let V be the disjoint union of the laminae of L with their 
leaf-topologies. Let i : V •+ M be the inclusion. Then i is a leaf immersion to 
which f is r-normally hyperbolic. If f is C near f then by (6.8) there 

is an essentially unique leaf immersion i ' : V M at which f is r-normally 

-1 r 
hyperbolic. By definition, h fl (l ) = i'i" U_). Hence, L' = h f! L is a C 

lamination of M if and only if i ' : V M is a bijection. 

Bijectivity of i 1 : V ->■ M is equivalent to bijectivity of h^,, : M ** M. Injec- 
tivity of h^, follows by plaque expansi veness. Let f be e-plaque expansive and 
let U be a C neighborhood of f so small that d(h f , ,id) < e/2 for all 
f € U. By construction, there is a unique f-pseudo orbit which e/2-shadows the 
f '-orbit through h f ,(p): 

f ,n (h fl (p)) eexp n (n n (f)) . 

P P 

Indeed h^,(p n ) = f' n (h fl (p)). Thus, if h^,(x) = h^,(y) then there exist f-pseudo 
orbits {x n }, {y n } through x, y which e/2-shadow the same f orbit; and so 

■ / n n* ^ 
V x .y ) < e • 

By e-plaque expansiveness of f at L, the points x, y must lie in the same 
plaque. But h^, is an embedding of each plaque, so x = y, completing the proof 
of injectivity of h^, . 

Surjectivity of h^, is implied by continuity of h^, since h^, is near the 
identity. As in §6, i*f denotes the pull back of f to i *rj - Let 6 > be 
given. By the uniformities in the proof of (6.1c) there is an N = N(6) such that 
if z e i*n (v) has |g f , (p) - z| _> 5 then (i*f 1 ) n (z) ^ i*n(2v) for at least one 
n » l n l 1 N. (This asserts that points z uniformly far from a uniformly normally 



hyperbolic manifold are forced to leave a larger fixed neighborhood of it within a 
uniform time.) Interpreting this in M, we get: 

(*) For any 6 > there is an N = N(6) such that if f 1 e W and 
d M (p n »f ,n (p')) < 2v, -N < n < N, for some f-pseudo orbit {p n } 
and some p' s M, then d^(p',h f) (p )) < 6. 

Now let x p in M and suppose d^(h f , (x) ,h^, (p)) >^ 6 > 0. Through x there is 
a unique f-pseudo orbit {x n } such that h^,(x n ) = f ,n (h^,(x)). By a diagonal 
process and the fact that I is a lamination, we can choose a subsequence of the 
x's tending to p such that x n p n as x •+ p, n 6 Z. Clearly {p n } is an 
f-pseudo orbit through p. It is probably not the f-pseudo orbit shadowing 
{f ,n (h f ,(p))}. However, 

d M (p n ,f n (h fl (x))) id M (p n ,x n ) +d M (x n ,f' n (h ft (x))) 

<_ v + v = 2v 

for all n, |n| <_ N, and all x far enough along in our sequence of x's converg- 
ing to p. By (*) we conclude d M (h f , (x) ,h f , (p)) < 6, a contradiction. Hence h^, 
is continuous, surjective, and L' = h f ,L is an f'-invariant C r lamination. 
Clearly f is r-normally hyperbolic at L'. 

Plaque expansiveness of f at L 1 = h^,(l) is a consequence of (f',1 1 ) 
being leaf-conjugate to the plaque expansive (f,L). If {x n }, {y n } are f'-pseudo 
orbits then (h~](x n )}, {h~](y n )} are f-pseudo orbits. Thus, if d^(x n ,y n ) is 

always very small then d (h^ (x n ) ,hv] (y n ) ) < e for all n and so h7](x ), hl](y°) 

' . 

lie in a common L-plaque since f is plaque expansive. Therefore, x , y lie in 

common -plaque proving that f is plaque expansive. This completes the proof 

of (7.1). 

The next theorem gives a sufficient condition for plaque expansiveness. 

(7.2) THEOREM. If f is a C^ diffeomorphism of M which is Q-normally 
hyperbolic at the c"' foliation F then f is plaque expansive. 

Remark. More generally it seems that F could be a Lipschitz foliation. 

Proof of (7.2). It suffices to prove that some iterate of f is plaque expan- 
sive. Fixing a Riemann structure on TM and a high iterate of f we may assume 



"»(Npf ) 1 A , INjjf I < X" 1 

X > 2 

for all p e M. As usual by N u f, N s f we mean Tf |N U , Tf |N S . 

Define a new Finsler on TM by 

|z| = max(|x| » i v | ,\y\) 

where z = x$v$y e N U ©T F$N s f p € M. 

P P P 

1 f1 

The length of a C path g: [0,1] M is defined to be L(g) = 



The distance from p to q in M is 



d M (P»q) = inf L(g) 
where g ranges over all paths from p to q. 



The normal length of such a path g is 

•1 



|g'(t)|dt. 
o 



L N (g) = 



|irg'(t)|dt 





where it: TM N U ®N S is the bundle projection with kernel TF. Since F is a 
foliation, any curve which is everywhere tangent to the leaves of F lies in a sin- 
gle leaf. (This is false for laminations in general.) Thus, ^(9) = ^ and 
only if g maps into a leaf of F. If d M (p,q) < v then we define 

d^(p,q) = inf {L^(g): L(g)£v and g is a path from p to q} . 

The following estimate is a consequence of F being a foliation: 

d^(p.q) Jv. V * 

(1) — i J 1 where < diam {p,p' ,q,q' } £ min(v,\i' ) 

d N (P ' ,q,) [_d N (p,p') = = d N (q,q') 

Here is a proof. M can be covered by a finite family of foliation boxes {<f>..} 



such that T<t>. carries N u © TF © N s isometrically onto R u © R v © R s , where 

1 P • P • P • 

= (0), and <f>.j 1S nearly an isometry. Indeed the <J>,. can be chosen so that 
{up stills covers M when Ui has half the radius that U. had. As v, v" + 0, 
(1) concerns only points p, p', q, q' and paths g well inside some u\. Since 
cf> - is nearly an isometry, the ratio of the apparent length (or apparent normal 
length) of a path in ^(U^) to its true length in M is nearly 1. Using the 
flat, product Finsler on R u *R v xRS, (1) is trivial: the ratio in question is 
identically 1. This proves (1). 

Our aim is to show that f is "d^-expansive. " Because of technical problems 
we shall not make this idea precise. However, an expansi veness estimate on 
does arise naturally: 

(2) maxO^tf^ogU^fog)) > \ l_ N (g) 

for all C 1 paths g. To see this, write -rr(z) = tt u (z) © tt s (z) e N u © N s , z € T p M, 
Put 

A(g) = {t G [0,1]: |Tr u g'(t)| > |7r S g'(t)|} 
B(g) = [0,1] - A(g) . 



Then 



L N (g) = 



|TT U g'(t)|dt + f |ir s g'(t)|dt 
A(g) J B(g) 



using the Lebesgue integral. Since Tf expands N u and contracts N s we get 



A(fog) 3A(g) B(f _1 og) D B(g) . 



Therefo re 

L N (f-g) > ' 



|{N u f)oTT U g'(t)|dt > A f |* u g'(t)|dt 
A(fog) J A(g) 



L N (f _1 og) > f n | (N s f~^ )o7T S g 1 (t) | dt >_ X f |<rrV (t) |dt . 
N JB(f'og) J B(g) 

Adding these gives L^(fog) + L^(f~^ °g) >_ Al_ N (g) which implies (2). 

Since F is a foliation, it has a plaquation P = {p} which we consider 
fixed. We also fix a number Xq, 2 < Xq < X. 



Now we are ready to prove (7.2), Let {p n }, {q n } be e-pseudo orbits 

respecting P so that d M (p n ,q n ) < e for all n € Z. If e is small enoquh we 



shall show that p , q lie in a common plaque. 

Given any v > we can find a v' > so that L(g) < v for all paths g 

with L(fog) < v* or L(f _1 og) < v 1 . This is a restatement of the continuity of f 

and f" 1 . Let a = sup d» (p n ,q n ) and, if o f 0, choose m so that 

n " 

d w (P ,q ) 

(3) — . 1 , 

a 

Call p = p m , q - q m . By choice of v' 

djj'(fp t fq) = inf {L^(g) : g(0) = fp, g(l)-fq, L(g)<v'} 
> inf {L N (fog): g{0) = p, g(l) *q, L(g)<v} 

-1 -1 

and similarly for f p, f q. Hence (2) yields 

(4) max (dj^fp.fqM^VVf^q)) l|d^(p s q) . 
Dividing (4) through by djj(p,q) and using (1) we get 

(5) } > ^ or ^ (P ' q ) > X ° 
d N vP ,q ) d N (p ,q ) 



This is valid for small v since A n < A. But (5) is incompatible with (3) since 



Aq/2 is fixed and > 1. Hence a = and p , q lie in a common plaque. This 
completes the proof of (7.2). 



The same proof adapts to perturbations of f and L, yielding 

(7.3) THEOREM. Let f : M M be 0-normally hyperbolic to the C 1 foliation 
F. Then there exists a neighborhood U C Diff^(M) of f and a neighborhood V of 
F in the space of c"' foliations of M such that if f 1 G W preserves F 1 G 1/ 
then f is plaque expansive at F'. 



Remark. If f is 1-normally hyperbolic to F then (7.1) plus (7.2) implies 
that f determines F' , (f,F) - (f',F') s and thus f is plaque expansive. 



We now derive the classical structural stability theorems of Anosov, as well 
as their recent generalization to other Lie Group actions. 



Recall that an Anosov flow on a compact manifold M is a C action of F on 
M, t k f t g Diff^M), such that some f is normally hyperbolic to the orbit 
foliation F. It follows that all f t t f 0, are normally hyperbolic to F. 
Moreover, M has a Riemann structure making each f t an isometry on leaves; conse- 
quently there is no branching in W u (f ) or W s (f ). Since the f commute, it 

u 

follows from the characterization of strong stable and unstable leaves that W (f,) 
s 

and W (f,) are invariant under the flow, and hence are the same for all t. We 

1 

know that f^ is plaque expansive by (7.2) since F is a C foliation. From 

(7.1) we obtain the structural stability of Anosov flows. For let {f!} be another 

1 ^ 
flow which is C near f t and let F be its orbit foliation. By (7.1), f^ 

leaves invariant a unique lamination F" near F and there is a leaf conjugacy h 
from (f^F 1 ) to (f^,F"). Since f-j preserves F' , its tangent preserves TF 1 . 
By (2.12), TF' = TF". By van Kampen's Uniqueness theorem [20] we get F" = F', 
The leaf conjugacy h: (f,F) ■+ (f ' ,F' ) means that the flows {f }, {f 1 } are orbit- 
conjugate, i.e. {f t > is structurally stable. 

The case of Anosov diffeomorphisms is, in this context, trivial. An Anosov 
diffeomorphism amounts to a C 1 action of 2 on M such that one f t is normally 
hyperbolic to the orbit foliation F. (Orbits are finite or countable sequences of 
points.) The foliation is C°° and so the same arguments as for Anosov flows show 
that f.j is structurally stable. 

Similar arguments apply to Anosov actions of connected Lie Groups G on M. 
This means that G acts , locally freely on M, and some g € G is 1 -normally 
hyperbolic to the orbit foliation F. It follows that F is a stable folia- 
tion. For if F' is another foliation of M which is near F then one can 
obtain a diffeomorphism g 1 which is C 1 near g such that g 1 preserves F l ; 
the leaf conjugacy from (g,F) to (g',F') resulting from (7.1,2) shows that F 
is structurally stable. The construction of g 1 is given in [21]. In case g lies 

on a 1-parameter subgroup {g.} of G, say g = g, , one constructs g' by pro- 

d 

9*(p) into leaves of F 1 ; g 1 is the time- 
t=0 z 



jecting the vector field X(p) = 
one-map of the resulting flow. 



The proofs of (7.1,2,3) can be adapted to deal with unbranched laminations of 
subsets of M. As in §6B, an unbranched lamination of a compact set ACM is an 
injective leaf immersion i: V M such that i(V) * A. We say that the lamination 
L of A is C r smoothable if and only if at each p e A, L extends to C r 
foliation of a neighborhood of p in M. The various extensions need not be 



coherent. This means I extends to a C pre-foliation of a neighborhood of A | 
in M. 

(7.4) THEOREM. Let f be r-normally hyperbolic to the lamination I of A, 
r > 0. (i) If i is C smoothable then (f,L) is plaque expansive. 
(ii) Suppose r _> 1^ (f,L) is plaque expansive^ and f is C near f. Then 
the canonical candidate for a leaf conjugacy h^, : A M is a true leaf conjugacyj 
L' = h^,L is a C r lamination* f is r-normally hyperbolic at i\ and (f'jL 1 ) 
is plaque expansive. 

Proof of (i). This is an adaptation of the proof of (7.2). Let N , N be 

fixed continuous extensions of N , N to a neighborhood of A in M. Let F. be 
1 

a C foliation of U\ which extends LOU., j = 1,...,L. Let be a compact 

set interior to U. and let enough F. be chosen that AC u V.. Clearly (f,L) 

J J j=l J 

K 

is plaque expansive if and only if (f ,L) is plaque expansive for some large K. 
Fixing a Riemann structure on TM, replacing f by a high iterate and choosing a 
small neighborhood U of A we may therefore assume 



m(N U kp f ) > X . 



X > 2 



for all pGU, where 



Tf = 



* 



respecting N U © TF.. © N s 
and N U © TF k © N s 



Making U smaller causes the entries labelled * to become as small as need be. 



Define new Finslers on Ty M by 



z\. = max(|x| s |v|,|y|) 



when z = x©v©y e N U ©T F.©N*» p e U.. The length of a C 1 path g: [0,1] U. 

p p j p j J 



is defined to be L.(g) = 

j 



rl 

|g'(t)|.dt. The distance from p to q in U. is 
J J J 

d M (p,q) = inf L.(g) where g ranges over all C paths from p to q in U.. 
The normal length of Such a g is 



V 9 > " 



fl 

K.g*(t)|.dt 
o J o 



where tt.: T m M -* N ®N is the bundle projection with kernel TF.. Since F. is 

a C foliation, a curve everywhere tangent to TF.. lies in a single leaf of F^. 
Thus L j N ( g ) = if and only if g maps into a leaf of F.. If dy (p,q) < v 
then we define J 

dj N (p,q) = inf {U N (g): L..(g)<v and g is a C 1 path in IK from p to q} . 

Since Vj is a compact subset interior to U\, n9U j " ^ and tne same P r00 ^ 
as in (7.2) shows 



dV (p,q) v ' v ' " °> VjOCp.p'.q.q'} f (5 

(lj) t 1 where diam {p,p',q,q'} < min(v,v l ) 

d JN (p '' q,) d. N (p,p') = = d jN (q.q«) . 

The estimate (2) in (7.2) becomes 

(2 jla ) maxtL^f^ogU^fog)) if L jN (g) 

for any path g: [0,1] u\ such that f'^g, fog are paths in U^, U^. To 
see this, write tt. (z) = tt"(z) ® tt?(z) for i = j, k, £. Put 

A^) = {t€ [0,1]: |^g:(t)| > |^g!(t)|} 
B^) = [0,1] -A^g.) i = j, k, sl 



for any path g.. in IL 



Then 



L iN (9 i } 



^g;(t)|dt 



B^) 



^g!(t)|dt 



using the Lebesgue integral, i = j, k, I. Since N^ p f expands, f contracts, 
Nj k f contracts, and N^f expands, we get 

A^(fcg) DA.(g) B^f^og) 3 Bj(g) 

_] 

for any path g in U.. such that f °g, fog are paths in U k , U^. Therefore, 



•Jin 



(fog) > [ |(Ni.f> 0,r V(t)|dt > x 



'A £ (fog) 



, >V(t)|dt 

Aj(g) J 



L kN (f _1 °g) > f i lN? k f" 1 o^5g , (t)|dt > x f |7rV(t)|dt 



which, when added, imply ( 2 j|^)' 



Fix a small plaquation P for L such that each plaque pep lies in some 
e Vj , 1 < j < L. Also fix a X^, 
e-pseudo orbits of f which respect P. 



single V.., 1 < j < L. Also fix a X Q , 2 < X Q < X. Suppose {p n }, {q n } are 



Given any v > we can find v' > so that L.(g) < v for all fJ paths 

q in U . with 
J 



L £("f°9) £ v ' anc ' f°9 a P atn 1n ^ 



or 



Let 



.-1 



-1 



U(f~ °g) £ v* and f~ °g a path in U. , 



a. = sup d^(p n ,q n ) 

where the sup is taken over those n such that p n or q n lies in V.. Since 
{V.} cover A, a. is well defined for some j's. If some a. > 0, choose j 
and m with 



a i 1 a -j for a ^ ^ 1 £ £ L > for which o. is defined. 

Since Vj is a compact set inside u\, we may assume v' is small enough so that 
dY N (p m ,q m ) is well defined when one of p m , q m lies in V.. Let us say p m lies 

mm J 

in V.. Call p = p , q = q . Choose k, I such that 
J 

f _1 ( P ) e v k f( P ) e v £ . 

For small v, f'^g, f°g will be paths in U^, for all paths g in U. with 
g(0) = p and L.(g) £ v. Thus by choice of v' 

d^(fp.fq) = inf {L £N (g): g(0) = f(p), g(l)=fq, L £ (g)£v'} 
> inf {L £N (fog) : g(0)=p, g(l) = q, L j (g)<v} 



and similarly for f'^p, f~V Hence (2^) yields 

(4j) maxfd^tfp.fqj.d^tf^p.f^q)) >|dJ N (p,q) . 

Dividing (4..) by d^ N (p,q) and using (1..) we get 

(5 ) M {P ' q } > „ d kN ( P } > ^0 

d. N (p ,q ) d jN (p ,q ) 

for small v. But X-V2 > 1 so (5.) is incompatible with (3.). Hence p^, lie 
on a common plaque completing the proof of (7.4(i))» 

Proof of (ii). The proof that h^, is an embedding A + M is the same as 
when A = M. Since h^, is covered by i 1 , the canonical f -invariant leaf immer- 
sion near i, i'(V) = h^,(L) = 1* is also a lamination. By V we mean the dis- 
joint union of the laminae of L with their leaf topologies. 




Again, plaque expansiveness of f at L l is a consequence of (f',L') being leaf 
conjugate to (f,L) which is plaque expansive. 

We now discuss conditions sufficient to guarantee that no branching takes place 
in the various laminations associated with a diffeomorphism f which is normally 
hyperbolic to a boundaryless leaf immersion i: V M. 

Definition, A leaf immersion i : V -> M has unique path lifting if whenever 
y: [0,1] -+ i(V) is a C 1 path everywhere tangent to TV, and v Q is any point in 
i"^y(0), then there is a unique path y: [0,1] -+ V such that y(0) = Vg and 
iy = y. 



This condition implies that no branching in i(V) can occur. More precisely, 
if U Q , are neighborhoods of x Q , x^ in V and i(x ) = i (x^ ) , then there are 
neighborhoods \L cu. of x.. (J =0,1) such that i Q (V ) = ^(V-,). It follows 
that there is a commuting diagram 



V 




where p is a covering space and i^: ■+ M is an infective leaf immersion. For 
most purposes we can replace (i,V) by (i^,V^). 

Suppose that (i,V) is a branched lamination L of M which has unique path 
lifting. Then (i^.V^), obtained as above, is an equivalent unbranched lamination. 
Moreover any C 1 path everywhere tangent to laminae must lie in a lamina. In parti- 
cular the field TL of tangent planes to leaves of L is uniquely integrable: 
every submanifold tangent to leaves is contained in a leaf. 

(7.5) THEOREM. Let i: V + H be a c"' boundaryless leaf immersion. Then 
(i,V) has unique path lifting in each of the following oases (a)j (b), (c); 

(a) There is a diffeomorphism f: M + H which is \-normally hyperbolic 
to V and either 

(i) Tf is an isometry on TV; 
or <ii) N S = and ITf |TVI < 1; 

or (iii) N U = and IITf" 1 |TVil < 1; 

(b) There is a lamination i of M and diffeomorphism f which is 

us » 

1-normally hyperbolic to L such that V = W or W of (f,t) and i has unique 

path lifting. 

1 

(c) (i»V) is a C foliation of M. 

Proof. To prove (a)(i) let p c i(V) be a plaque at x e M. Let y: [0,1] M 
be a path in i(V) tangent everywhere to TV with y{0) = x. It suffices to 
prove that there exists e > with y([0,e)) c p. 

Suppose not. Then for every 6 > there exist z e y[0>l] and y e P such 
that z ^ p and 

z = exp(Z) , Z e (N U ©N S ) y , |Z| < 6 

d M (x,y) < 6 and d M (x,z) < 6 . 

Since Tf is isometric on TV, it follows that 



and 



d M (f n x,f n y) < 6 
d M (f n x,f n z) < 6 



for all n eZ. Therefore 

d M (f n y,f n z) < 26 

for all n eZ. But 

|Tf n (Z)| 

either as n -«> or n ■+ which contradicts d M (f n y,f n z) < 26 for all n» 
provided 6 is small enough. This proves (i). The proofs of cases (ii) and (iii) 
are similar. 

To prove (b), suppose (i,V) = W u . Let y: [0,1] ■* M, y(t) = x t be a C 1 

path tangent to U/ u . Let p s be a plaque of U/ s at x Q . Let Q" u c 0/" u be a 

t 

plaque at x t for W uu , belonging to a plaquation of W uu . For sufficiently small 
t, there is a unique point 

1 S 

Thus we obtain a C path {y t } in p s with y Q = x Q . It is easy to see that 

this path is everywhere tangent to L. Therefore it lies in the leaf of I through 

x Q . But this implies that x t lies in the leaf of 0/ u through x Q . This proves 
(b); and (c) is trivial . 

Condition (a)(i) of (7.5) arises if V is an orbit of a locally free action 
of an abelian Lie group G on M, and f e G. 

An immediate consequence of (7.5) is: 

(7.6) THEOREM. Let f be a c"' diffeomorphism which is \-normally hyper- 
bolic to a foliation F. Then W U and W S are unbranched c"' -laminations 3 

u s 

they have unique path lifting, and each leaf of W or W is a union of leaves 
of F. 

Eemark. We are unable to prove the following natural conjecture: if f is 
1-normally hyperbolic to a C 1 lamination L t and L has unique path lifting, 
then W u and W s have unique path lifting. 

Here is an example of J. Sotomayor (communicated to us by S. Newhouse and 
J. Palis) of a branched lamination which admits a normally hyperbolic diffeomor- 
phism. Other interesting features of the example are discussed below. 



Consider the flow in R generated by the vector field 

2 

x = x y = y z = -z. 

Then is the only fixed point, and it is non-generic; points of the z axis are 
sharply attracted toward 0; points of the y axis are sharply repelled from 0; 
points of the negative x axis are weakly attracted toward 0; and points of the 
positive x axis are weakly repelled from 0. Also, the foliations by lines 
parallel to the y axis and z axis (and also the x axis) are invariant. The 
basin of attraction of is the (x£0,z)-half-plane and the basin of repulsion 
is the (x > 0,y)-half-plane. See the figure below. 



I 

z 




This flow is restricted to a neighborhood of and is then extended to R 
as follows. Two trajectories in the (x > 0,y)-half -plane are connected to two tra- 
jectories in the (x < 0,z)-hal f-plane. This is done by making the basin of attrac- 
tion of transversally intersect the basin of repulsion of along the two 
trajectories. See the figure below. 




This produces a non-planar figure eight, A, consisting of y-j > antl 0« 
If the construction is done carefully, the flow <J> will leave invariant foliations 
extending the sets of segments parallel to the y and z axes near 0. Thus it 
will be clear that T^R 3 = N U ®?®N S T$-invariantly where T is the obvious line 
field equal to span <j>(p)» pGA-O, and equal to the x axis at p = 0; 

it 5 

N = the y-direction for p near 0; and N = the z-direction for p near 0, 
p p 

It is easy to see that this splitting exhibits the normal hyperbolicity of to A» 

13 1 

There is a leaf immersion i: S R , with i(S ) = A, to which <f> is nor- 
mally hyperbolic. By (6.1), any flow near $ has a canonical invariant leaf 
1 3 

immersion i': S -+ R . From the forms of the vector field generating <}>, it is 
possible to find cf>' near cf> such that <J>' has no fixed point near A. (0 was a 
saddle node, and such fixed points can be made to vanish.) Thus, i'(S^) is injec- 
tively immersed. 

Indeed there are many leaf immersions into A. If s = {s } is any bi-infinite 

n 

sequence of Ts and 2's then there is a leaf immersion i : K ■+ A such that 

i ([n,n+l]) = y u 0. Up to reparameterization of 1R these are the only leaf 
s n 

immersions of It into A. If the bi-infinite sequence s = {s } is periodic, then 

n 1 

(and only then) the leaf immersion i factors through a leaf immersion of S 
into A. 




A 



where tt: K ■+ S is the covering map Tr(t) = e , m being the period of s. 
The figure eight immersion corresponds to the sequence {.,.121212...}. 

Returning to a perturbation of $ which has no fixed points near A, we 

3 

see that to each i" s there corresponds canonical i^: F K , invariant by <J>". 

It is not hard to see that {i 1 } forms an unbranched lamination of a compact subset 

s 

A 1 near A. This shows how a branched lamination can sometimes be perturbed into 
an unbranched lamination. 

For Sotomayor it was important to know that A 1 is the only invariant set near 
A. This follows from the results of §7A, see especially the remark after the proof 
of (7A.1). 



§7A. Local Product Structure and local Stability . In this appendix, we 
generalize some results of [24] to laminations of dimension >_ 2, using crucially 
an idea of Rufus Bowen [10]. Throughout, we assume f is a diffeomorphism of M, 
normally hyperbolic to the lamination I of A. By or W^A we mean 

U ^ A W uu (p); by W s or W S A we mean u_. W ss (p). 

pEA e £ £ pGA e r 

Definition. I is subordinate to W u if and only if each W u (Lp) meets each 
in a relatively open subset of L q for p, q e A. Similarly W s . 

. u s 

Definition. (f,A) has e-local product structure if and only if W^AOW^A = A. 

Definition. (f 9 L) has e-local product structure if and only if (f 9 A) has 

u s 

E-local product structure and L is subordinate to W , W . 

. u s 

Remark. A cleaner looking assumption would be that laminae of W , W meet 
along laminae of L. This is unnecessarily strong. 

Definition. A is locally maximal if it has a neighborhood in which it is the 
largest f-invariant set. 

Clearly if (f,L) is normally hyperbolic and A is locally maximal then (f,A) 
has local product structure. The following theorem is a sort of converse to this. 



(7A.1) THEOREM. If (f,L) has local product structure and h^,: A •*• M is the 
canonical candidate for a leaf conjugacy (see page 117), f near f, then 
A' = h^,A is "uniformly locally f -maximal"; that is, A and f have neighbor- 
hoods U and U such that A' contains all f -invariant subsets of U, f € U. 

Remark l. A consequence of (7A.1) is that Axiom A group actions are locally 
fl-stable. See [43]. 

Remark 2. Uniform local maximality of A' can be strengthened to: any point 
xeU with some forward 6-pseudo orbit for f wholly in U belongs to W A' . 
Likewise for reverse 6-pseudo orbits. <S is a positive constant depending only on 
U, U. The proof is the same. 

Remark 3. The proof we give of (7A.1) relies on (7A.2) which generalizes [10], 
not [24]; [10] is much more elegant than [24] in that no "semi-invariant-disc- 
families" are required. On the other hand, a proof of (7A.1) using the methods of 
[24] can be given and might extend, by methods of R.C. Robinson [46], to give struc- 
tural stability of L in the neighborhood of A — maybe even structural stability 
for group actions satisfying Axioms A and Strong Transversal ity. 

Remark 4. We think that (7A.1) remains true when local product structure on 
(f,l) is replaced by local product structure on (f,A) and plaque expansiveness. 
When f = f we proved (7A.1) under this assumption, via methods of [24]. For f 
near f, the proof "by uniformities" as in [24] probably works, but to check this 
seems formidable. For instance, the construction of all the machinery in §6 centered 
at f must also be done at f near f; then it must be proved that f is a 
"small enough" perturbation of f. 

The following was proved by Rufus Bowen [10] for flow-foliations. (7A.1) is an 
easy consequence. 

(7A.2) SHADOWING LEMMA. If (f,L) has local product structure and v > is 
given, then there exists 6 > such that any 6-pseudo orbit for f in A can be 
v-shadowed by a pseudo orbit for f in A which respects L. The same holds for 
truncated 6-pseudo orbits. 

Remark. When I is the lamination by points, this says: any 6-pseudo orbit 
of f in A can be v-shadowed by a true f orbit. This greatly simplifies the 
proof of the main result of [24]. 



Proof of (7A.2). It suffices to prove (7A.2) for a high iterate of f. For if 

K 

f = g, if {x n > is a 6-pseudo orbit for f, and if 6 is very small then 

{. . . » x „k» x 0' x k >x 2K* * * " ^ W ^ ^ 6 ^~ sna ^ owec ^ by a g-pseudo orbit 

{•••>y K' y 5y K' y 2K' * ' * ^ wnicn respect L and \i can be arbitrarily small. Then 

^ • *y.K sfy -K' * - • ' f K " 1y -K' y o ,fy o' • * " fK " ly o ,y r " * } 

is an f-pseudo orbit which respects i and, since A is compact and K is fixed, 
it shadows {x n > arbitrarily well . 

Thus it is no loss of generality to assume 



sup { d d(z!z-) ) : z ' z ' 6W c S (P)' P GA} ±1 
inf { d ffiff j } : z,z' ef(p) 5 p e A} > 4 



where e > is sufficiently small. We may also assume e chosen so (f,i.) has 
2e-local product structure and so 

d(x,y) < e w!j £ (y) A w|*(x) (3 

x, y G A W^(y) ^ W* £ (x) j 

Choose 6 £ min(v/20,e/20) . 

Let Xq,...,x^ be a truncated S-pseudo orbit. We modify it inductively. Set 

(2) y ° = X ° 

We claim that y^ is well defined and 

(3) - -" SS 



y k e W 1 1 k-1 (x k } 

This is true for k = 0, 1. Suppose it is true for some k >_ 1 . Then 

d(fy k .x k+1 ) < d(fy k .fx k ) + d(fx k .x k+1 ) <id(y k .x k ) + 6 

k-1 k 
< ]-Z6(l+l +, -- + (7) )+« - + ) 



and so, by (1), y^ is well defined by~\2) and satisfies (3). This completes the 
induction and shows that 

{y n > is a 46-pseudo orbit which respects and 46-shadows {x r } . 

Moreover, if {x } respects then {y } respects I = w" nw* 

n t< n ee 

Applying exactly the same construction to the truncated 46-pseudo orbit for 
-1 -1 
f > - y N'*"' y 0' we get 3 P seucl0 o 1 " 01 ** z m'*** >z o for ^ which respects 
w| ( f ~ 1 ) = w"(f) and 165-shadows y N ,...,y Q . Thus, z Q ,..,,z N is a pseudo orbit 
for f which v-shadows Xq»...,x^ and respects I. This completes the proof of 
the shadowing lemma (7A.2) for doubly truncated pseudo orbits. 

Let {x } — - be a full 6-pseudo orbit for f. By the preceding construction, 
n ntai *, N N 

there exists, for each N > 0, a pseudo orbit z_ N , . . . ,z N _^ ,z N for f which 

respects I and v-shadows the N-truncation x_ N , . . . >x^_-j Since A is com- 
pact, a diagonal process produces a sequence -*■ °° such that 

N k 



and it is clear that {z n > is a pseudo orbit for f which respects L and 
v-shadows {* n ). This completes the proof of the shadowing lemma. 

1 N 
Remark. When the lamination L is a C foliation, as in [10], the {z n l 

considered above converge uniformly to {z n > without choosing subsequences. 

Proof of (?A.l). Let h fl : A + H be the canonical candidate for a leaf conju- 
gacy defined in §7 for all f e U Q , some neighborhood of f in Diff^(M). Let U 
be a smaller neighborhood of f and U a small neighborhood of A in M. Suppose 
some f -orbit {x p } is wholly in U, f e U. Then {x n ) can be y-shadowed by 
an f-pseudo orbit {q n l in A, and y is small when U and (J are small. By 
(7A.2), {q n > can be v-shadowed by an f-pseudo orbit, {P n )» which respects L, 
and v is small when y is small. Hence {x n > can be closely shadowed by an 
f-pseudo orbit {p n > which respects L. From the characterization of h f , in §7, 
we deduce that 



x = h ft (p) 

where p is the point in the same L-plaque as p Q such that x Q e exp p nU) 
Hence x Q e A' = h f ,A and (7A.1) is proved. 



Remark. If i : V -»- M is a leaf immersion with i(V) = A, if I is the 
resulting, possibly branched lamination of A, and if (f»L) has local product 
structure then the proof of (7A.1) adapts easily to show that A 1 is uniformly 
locally maximal where A' = i'V, i' being the canonical f -invariant leaf immer- 
sion near i. 



§8. Eguivariant Fibrations and Nonwandering Sets . In this section, we apply 
§7 to prove a result in differentiate dynamical systems. 

r 4 

(8.1) THEOREM. There is a non-empty open subset of Diff (I ), 1 < r <_ «°, 

consisting of diffeomorphisms which are topologiodlly ^-stable but not Sl-stable. 
4 

(1 is the 4-torus.) 

The proof of (8.1) occurs after (8.6). Throughout §8, M is a compact, smooth, 
boundaryless manifold. 

The nonwandering set of the diffeomorphism f of M is 

S] f = {p e M: for each neighborhood U of p, (f n U) n U f for some n f 0} . 

f is topologieally Si-stable if and only if n f is homeomorphic to Q for all g 

1 t 9 

near f in Diff (M); f is Q-stable if and only if it is topologieally Q-stable 

and the homeomorphism h: fl- ■+ a can be chosen to be a conjugacy, gh = hf, on 

T 9 
The homeomorphism h is usually required to be C near the inclusion 

although it is not known whether this is really any restriction. 

Questions, Is topological ^-stability generic? i.e. does the set of topolo- 
gieally ^-stable diffeomorphisms contain a residual (or open dense?) subset of 
Diff r (M)? What can be said about (8.1) when S 2 replaces T 4 ? 

4 

The example establishing (8.1) is constructed on T as a twisted product of 

an Anosov and a derived-from-Anosov (DA) diffeomorphism. The latter is defined by 

Smale in [48]. This is similar to the Abraham-Smale counterexample which shows 

4 

^-stability is not generic [2]. We show that ti f • T and that this equality per- 
sists when f is perturbed. (Hence f, and all g near f, are topologieally 
^-stable.). To do so requires the structural stability of a certain equivariant 
lamination whose laminae are 2-tori , and for this we use §7. 



Definition, Let A be a compact subset of M and let X be a compact 
Hausdorff space. A surjection tt: A -+ X is a Z T -regular fibration if and only if 
it is a locally trivial fibration and its fibers form a C r lamination of A. 

If tt: A ■+ X is a C r regular fibration then X is the quotient space of A 
by the fibers. Since X is Hausdorff, tt is continuous s and A is compact, it 
follows that the fibers of tt are compact. Thus, a C r -regular fibration amounts 
to a C r lamination of A with compact laminae, locally trivially assembled. 

Remark. In the proof of (8.1), X is the 2-torus, A is the 4-torus, and 

4 2 2 2 

tt is the product projection T = T xT -> T onto the first factor. 

Definition. The C r -regular fibration tt: A -+ X is f-equivariant if and only 
if f : M ■+ M permutes the Tr-fibers. 

(8.2) PROPOSITION. If tt: A ^ X is f-equivariant and f is normally hyper- 
bolic to the it-fibers then f is fiber expansive, i.e. f/ir: X -> X is expansive. 

Proof, f/ir means the action of f on the Tr-fibers, i.e. on the quotient 
space X. Let V be the (perhaps nonseparable) smooth manifold which is the dis- 
joint union of the Tr-fibers. Let i: V ■+ M be the inclusion. As in §§6,7, i is 
a leaf immersion to which f is normally hyperbolic. Let ti be a smooth normal 
bundle to i and let i*f be the pull-back of f to i*n(e)> the formal e-tubu- 
lar neighborhood of V. By (6.1), the zero section of 1*n(e) is the maximal 
i*f-invariant set. 

-1 i* 

Let n (e) be i*n(e) restricted to tt (x) and let i : n (e) ► TM 

exn X -1/ XX 

r > p| be the tubular neighborhood of tt (x) in M. Suppose f is not fiber- 
expansive. Then, for some distinct x, x' e X, ^(tt" 1 (x' )) has points very near 
f n (iv"^(x)) for all n e Z. Since A is compact and tt is locally trivial this 
impl ies 

fVtx')) C 1 (n x ( e )) x n = (fV)(x) 

n n 

for all nez. The set u i" 1 (f n (TT -1 (x* ) ) ) c n(e) is i*f-invariant but does 

neZ x n 

lie in the zero section of i*n» contradicting the local maximality referred to 
above. This completes the proof of (8.2). 



(8.3) COROLLARY. Such a tt: A -*■ X is stable under perturbations of f. 



Proof. (8.2) verifies the hypothesis of (7,4) ; (8.3) is its conclusion. 

Remark 1. (8.3) says that perturbations f 1 of f canonically produce new 
C r -regular fibrations tt' : A' -+ X' which are "fibration-conjugate" to tt: A ■+ X. 
That is, the leaf conjugacy h fl = h: A A' makes the diagram 




commute. If convenient, we may identify X and X' by the homeomorphism h/ir. 
This makes f, f equivariant fibrations over the same base map. 

Remark 2. There is an alternate proof of the existence of the map h^, in 
(7.1,4) which is more in the spirit of [22] in that it "reduces" global questions in 
the manifold M to local questions in a Banach manifold. Since the leaf space A/L 
of a general lamination is non-Hausdorff, the construction we are about to present 
is most natural for a C r -regular fibration tt: A -*• .X. As in (8.2) suppose tt is 
f-equivariant and f is r-normally hyperbolic to the ir-fibers. Since A is com- 
pact, all maps X ■+ A are bounded. Let M and Z be respectively the set of all 
maps X A and all sections X A. Both M and Z are Banach manifolds, even 
if X is non-Hausdorff. The map f acts naturally on M by 

g i-*- f # (g) = f°g°(f/Tr) 

Then f^ is a diffeomorphism and Z is f-invariant. Since f is r-normally 
hyperbolic to tt, f^ is r-normally hyperbolic at Z. Now (6.1) extends to Banach 
manifolds, assuming all the uniformities and [existence of] normal bundles which 
come from the finite dimensional situation. If f is c"* near f then f| will 
have an invariant manifold Z 1 c M near Z. The f'-invariant fibration can then 
be found as 



tt ,_, (x) = {a(x): a e Z 1 } 



x e X 



Note that we identify X and X' here, because it is easier to describe the it* 
fibers that way. Also, to show that these ir'-fibers fit together well requires 
much of the analysis of §7, except when X is Hausdorff. That is why we postponed 
until now this Banach-manifold approach to laminations. 

The next result is the form of the Cloud Lemma [48] we require for (8.1). A 
homeomorphism f of A is topologically transitive if and only if there is a dense 
f-orbit in A, or equivalently, if and only if the f-orbit of each non-empty, 
A-open set is dense in A. 

(8.4) PROPOSITION. If f is normally hyperbolic to the lamination L of A 
and if f | A is topologically transitive then: 

(a) If U is an open set of M and U meets W S A then the forward f-orbit 
of U (or of any f '-iterate of U) contains all of W U A in its closure: 

W U A C u f n U for all m €Z 
n>m 



(b) W U A n W S A c n f . 

Proof. By W U A, we mean u w uu (x), etc. Choose p€A so that {f n p> n>k 

xeA l, — 

is dense for all keZ. Replacing p by an iterate, f p, we can assume U meets 

W ss (p). For W ss (x) depends continuously on x € A. Fix an m and a 6 > 0. Let 

MJ ) denote the S-neighborhood in M. By the A-lemma [35], 

o 

wJIVp) C M 6 (f n U) 

for all sufficiently large n. This says f n U nearly engulfs w" u (f p). Since 
{f n p} . is dense in A, we get 

W^ACM (uf n U) . 
n>m 

Since 6 > is arbitrary and m is fixed, 

w^A c u f n U . 
n>m 

Since u f n U is carried into itself by positive iterates of f , and since 
n>m 

w u A = u f k (wi! ), forward f-iteration gives (a). 
k>0 



The proof of (b) is very similar to the proof of the usual Cloud Lemma [48]. 
Let z € W U A n W S A and let U be a given neighborhood of z in M. Choose 

■111 Q C 

x, y e A so that U meets W (x) and W (y). Here e is large. By topological 
transitivity of f|A, there exists a point p 6 A such that {f p) n>k is dense in 
A for all k € Z. We can assume p is so near y that U also meets W^ s (p). 
Then, as in the proof of (a), f n U nearly engulfs all of W^ u (p) for large n and 
fixed e. For some large values of n, f n p is very near x. Also, w" u (f n p) is 
nearly equal to w" u (x). Hence U meets W^ u (f n p), n large, and since f n U 
nearly engulfs W^ u (f n p), f n U also meets U, n large. Hence z € This com- 
pletes the proof of (8.4). 

(8.5) COROLLARY. If f is normally hyperbolic to a lamination of A, if 

us 

f |A is topologically transitive, and if W A = M = W A„ then f is topologically 
transitive on the whole manifold M. 

Proof. Part (a) shows the f-orbit of any non-empty open subset of M to be 
dense. 

Remark. No use was made of TL being integrable in the above proofs. Thus, 
(8.4,5) remain valid for any compact f-invariant set A if: Tf leaves invariant 
a splitting E u ® E c $ E s , Tf is p-pseudo hyperbolic respecting E u © (E c © E s ), 
Tf" 1 is p-pseudo hyperbolic respecting E s © (E u © E c ), and p > 1. For then §5 
provides the necessary strong manifold theory. 

The following consequence of (8.5) is a kind of propagation theorem. 

(8.6) PROPOSITION. Let f be normally hyperbolic at the C -regular * 
f-equivariant fibration it: M N where N are compact smooth manifolds. 
Suppose f |tt is an Anosov diffeomorphism of N having a fixed point p and 
fi^l^ = N. If f is topologioally transitive on the single invariant fiber tt (p) 
then f is topologioally transitive on the whole manifold M. 

Remarks. It is an open question whether every Anosov diffeomorphism of N has 
a fixed point and has = N. Normal hyperbolicity of f to tt is only required 
at tt" 1 (p) ; elsewhere, f-equi variance of tt suffices . 

Proof of (8.6). By the asymptotic characterization of the stable and unstable 
manifolds it is clear that 



W u (tt" 1 x) = tt" 1 (W u x) 



W S (tt _1 x) = 7r _1 (W S x) 



for all x G N. An Anos ov diffeom o rphism wit h Q - N has W (x) = W (x) = N for 
all x € N [3]. Hence W^tT'p) = W s (fr"'p) = M and (8.5) applies, 



Bifurcation Theory studies the generic properties of differentiable maps 
X ■+ Diff(Y) where X and Y are differentiable manifolds. Given such a <f> and 
a diffeomorphism g: X -+■ X, there is a natural twisted product f(x,y) = (gx,$(x)y) 



X x Y 



XxY 



TT 



TT 



f = g x (j) 



+ X 



We denote f by g*<f>. Note that tt is the trivial fibration and is f-equivariant 
If f is normally hyperbolic at tt and f is C** near f then (8.3) says there 
is a canonical f -equivariant fibration tt' near f. This gives a new bifurcation 
4>': X ■+ Diff(Y); <j>' need only be C° close to <f>. 

2 

Proof of (8.1). Let g be an Anosov diffeomorphism of T , the 2-torus, 

2 2 

having two fixed points, p and q. Let <fr: T Diff(T ) be a smooth bifurcation 
such that (as in [2]) 

2 

<f>(p) is an Anosov diffeomorphism of T 

2 

<|>(q) is the DA-diffeomorphism of T described in [48] . 

Replacing g by a high iterate, if necessary, we may and do assume f = g x <t> is 

normally hyperbolic to the ir-fibration. By (8.6), f is topologically transitive 

4 4 1 

on the whole manifold M = T . Hence fi, = T . If f is C near f then, by 

* 4 2 

(8.3) and especially Remark 1 after its proof, there is a tt' : T ■+ T 



T 



TT 



-> T 



such that tt 1 



is a C -regular f '-equivariant fibration 



tt'-^p) 



Since 

f '-invariant and is C near 7T~'(p) s and since f is C 1 near 
that f'|7r , "^(p) is an Anosov diffeomorphism of the fiber tt'""' 
set of Anosov diffeomorphisms is open. Hence f 
tt (p)» since all Anosov diffeomorphisms of T are topologically transitive [3] 



is 

f, it follows 
(p) , because the 
is topologically transitive on 



By (8.6), f is topologically transitive on the whole manifold M - T . Therefore 
U fl = T 4 and f is topologically fi-stable. 

On the other hand, no approximation f to f is ft-stable. This is 
p 

proved in [2] when S replaces the base torus and a horse-shoe diffeomorphism 
replaces g. In our case, the proof is entirely similar, but we include it for com- 
pleteness. Let f be C 1 near f and let ir' be the canonical f 1 -equivariant 
fibration near it. The fibers tt ,_1 (p), *rr ,-1 (q) are f -invariant and f on 
each V-fiber is near f on the corresponding Tr-fiber. The DA has, on 
7r"^(q), a source -- that is, a fixed point whose unstable manifold includes a 
neighborhood of g in fr~^(q). Such a source persists for the small change of f 
to f 1 . (In fact the DA is structurally stable [45],) Let y' be this source for 
f j it 1 _1 (q) . Consider the strong stable manifold of y. It equals the stable mani* 
fold of y, has dimension 1 and projects by tt onto the stable manifold of q 
in T 2 , W s (q). In T 2 , W s (q) transversely intersects W u (p). Hence W s (y' ;f ') 
intersects W u (tf ,_1 (p)) in a persistent manner: no slight change of f to f" 
destroys the intersection W s (y\f") n W u (Tr ,,_1 (p)) . (Since tt" is not smooth, we 
do not assert differentiate transversal ity.) However, it is easy to perturb f 
to two non conjugate maps f^' and f£ as in [2]: 

1° W s (y*',fp meets W u (x",fp for no f^'-periodic point 
x" Girf^p) 

2° W s (y",f£) does meet the unstable manifold of at least 
one f^-periodic point x" e-rrlj^tp) . 

Hence f can't be conjugate to all f" near f. This completes the proof of 
(8.1). 

The propagation result, (8.6), is interesting in its own right. It generalizes 
to subsets as follows. 

(8.7) PROPOSITION. Let tt be an f-equivariant fibration of A where X is 
a hyperbolic subset for g: N -*■ N: 

AC y M — M 



TT 

T 

X C > N — 9-*- N 



Suppose g has a fixed point p in X such that W p and W p are dense in X. 
If f|fr~^(p) is topologioally transitive then A C Q^. Moreover if A fcas a /otto 
of "global product structure at tt ^(p)' f , 

wV'V)) nwV^p)) c A , 

then f|A is topologioally transitive. If f 1 is a small perturbation of f 

then the same is true for f , ir 1 , A' where tt 1 is canonical perturbation of 

TT. 

The proof, although nontrivial, is left to the reader. The above techniques 

enable us to construct a diffeomorphism f which is topologioally fi-stable, not 

Q-stable, and has fi f f M. Again, f is a twisted product f - g*$, but this 

time g is an Axiom A diffeomorphism of the base with no cycles and ^ base. In 

particular, if the hyperbol icity of g is sharp enough in the Abraham-Smale example 

[2] then f - g£(J>: S 2 xT 2 ^3 is such an f. (7A.1) and (8.7) verify that 

Si* - ir _1 (fi ) and that equality persists when f is perturbed. 
t g 

We close this section with several questions. 

Which manifolds admit diffeomorphisms f such that f and all its perturba- 
tions are topological ly transitive? It is easy to imagine constructing such mani- 
folds inductively, starting with two manifolds admitting Anosov diffeomorphisms and 
using (8.6). Are there any other examples? 

If A e SL(n,Z) has no eigenvalue which is a root of unity then A induces an 
ergodic automorphism of the n-torus T n , again denoted by A: T n T n . The tan- 
gent bundle of T n splits as E u © E c © E s where E u , E c , E s are the translates 
of the generalized eigenspaces of eigenvalues which are > 1, = 1, < 1 in absolute 
value. If E c = then A is Anosov. If n = 4 then E u , E c , E s may all be 
nonzero. The splitting E u © E c © E s gives rise to six invariant laminations of 
T n by the planes tangent to E u , E c , E s , E u © E c , E c © E s , E u © E s . The three 
which include E c are normally hyperbolic and hence stable. The others are not 
normally hyperbolic. On the other hand, if f is C 1 near A then f has 
invariant foliations W uu , tt/ ss which are nearly tangent to E u , E s . We expect that 
f has no f-invariant W us -fol iation. Is this true? What if the eigenvalues of A 
are rationally independent? This is a global Sternberg problem. Bill Parry has 
proved that A is ergodic if and only if each E u -leaf (or equivalently each E s - 
leaf) is dense in T n [36]. Is the same true for f? Less extravagantly, are the 
W uu and W ss foliations homeomorphic to the E u and E s foliations? Suppose A 
is ergodic. Is f topological ly transitive? If f preserves Lebesgue measure on 



n c 
T is f ergodic? If E = then all these questions have positive answers due 

to Anosov and Sinai [4], 
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